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PREFACE 


The book is designed to serve as a text-book for Degree 
Level students and is written according to the new syllabus of 
different Universities of Bihar for “First two years of plus three 
course". Many of the students, after completing two years, 
will go in for Honours Course in the third year. As the same 
topics will not be taught again in the third year, it is desirable 
that the book should not be too easy or too advanced to the 
mixed group of undergraduate students. 


Some of the salient features of the book are the following— 


(i) All essential matters have been discussed with as much 
thoroughness and precision as possible. We have also tried to 
be rigorous in treatment without being complicated. 


(ii) Different definitions and concepts have been introduced 
with suitable examples. 


(iii) Throughout the book emphasis has been laid on diffe- 
rent types of examples. A large number of problems have 
been worked out in graded order. Hints to the unsolved pro- 
blems have been given at the end. Problems set in different 
University and competitive examinations have been incorpora- 
ted. Constructive criticisms and helpful suggestions for the 
improvement of the book will be gratefully appreciated. 


August, 1984 Authors 


Second Edition 


The first edition of the book has been we 
readers. The present edition incorporates the c 
by teachers as well as the students. 


ll received by the 
hanges suggested 


We hope, this new edition should be more useful to the readers. 


March, 1988 Authors 
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List of Symbols and Results 


1. Symbols and their meaning— 


Symbol Meaning 
the set of natural numbers 


the set of real number 


the set of integers 


N 

R 

Q the set of rational numbers 
2 

P the set of irrational numbers 
X 


eR x belongs to R 
(or x is a real number) 
= implies 
<> if and only if (iff) 
м for all 
3 there exists 
|x] the absolute value of x 
ie. |x| =x when x 20 
—x when х<0 


Results to remember for working out problems— 


2. (i) | a-b | <esb-—e<a<b-+e. 
(ii) keR* and | a-b | <k.e¥e>0=>a=b. 
(iii) Кєх< Ky xeF««F is bounded and k, K are respectively 
a lower and an upper bound. 
(iv) xe(/—e, [+e) <> 1—є<х<1--є. 


3, (1) u, is bounded <> и„< К for all neN, KeR. 
(ii) M is the upper bound (or least upper bound) of the 
sequence {un} implies that 
un SM x neN 
and u, > M — « for at least one value of n. 


(Ci) 
(iii) m is the lower bound (or greatest lower bound) of the 
sequence (u,) implies that 
Un>m ¥neN 
and uj; « m--« for at least one value of л. 
(iv) {un} is monotonic increasing <> un > uy, v nz m. 
(у) {un} is monotonic decreasing > up Sum nz m. 
(vi) {un} is said to have the limit / iff given є>0 there exists 
m (є) eN such that n2 m = | un—l | <e. 

4. (i) {un} converges to / (or tazl as n> œ) iff given є>0 
there exists meN such that | u4—1 | << whenever 
næm. 

(ii) {un} is convergent iff given є>0 there exists ye N 
that | uss5—u, | <e Nn v and p e N. 
(iii) If lim u,—1, lim v;—/— lim (untra) = 14-1, 
n= ->79 n= 


a 


such 


lim lim u 1 Я 
поо (nn) — 11, п-0 TR Y rp when /' 40, 
п 


(iv) Cauchy's First Theorem on Limits, If dnl, as n 20, 


4; as-a44-.... +a " 
then ETE est dp asnon, 


n 
(у) (уа, апа (уа 


WEAR 
eno i Ty E l. 


5. (i) Sua is convergent iif lim S, is a definite number where 
n 


Sui us us si shun. 


(ii) If Xu, is convergent then lim Un =0. 
ND 
(iii) If Su, is a convergent series of Positive decreasing 
terms then lim (nu,)=0, 
n- 


6. Auxiliary series for determining convergence— 


| Сш) 


(i) ats i аа | Te... Be. z is convergent if 


p >1 and divergent if p<1 
oo 
(ii) > е is convergent if p > 1 and divergent ifp « 1, 


(iii) a--ar--ar?4- ....-|-ar" 1+... . is convergent if įr i< 1. 
7. Tests for convergence of series of positive terms— 
(а) (i) Comparison Test. Su, and Уул, both of positive 


terms, converge or diverge together if lim Yu- finite 
n—7 Y» 


non-zero quantity. 
(ii) Second Comparison Test. Xu; of positive terms con- 


= ГОР, 


verges or diverges according as 
n= Ил+ү 


lim v; 


< а-о 


F provided Xv, is convergent or divergent. 
nti 


(b) Cauchy’s Root Test. Sun of positive terms is convergent 


or divergent according as lim u;!/^ < 1 or » 1. 
no 


(с) (1) (2° Alembert’s) Ratio Test. Sun of Ду terms 15 


convergent or divergent according as lim —"—» 1 or 
n>n Wn 


«1 (i.e. lim L< 1 or >1). 
noo Un 


(ii) Raabe's Test. Xun of positive terms is convergent or 
divergent according as lim "(= — 1)} ord 
n= Uni 
(iii) DeMorgan and Bertrand's Test. Su, of positive terms 
is convergent or divergent according as 


lim nf un -1)-1 een Sion cel 
n= Un+1 | 
(iv) Gauss’ Test. If Xu, is a series of positive terms, for 


which “2 = 1-2 = e, p»land | 5, | + definite 


Unti 


Civ) 


number then the series is convergent ifa>1 and 
divergent of o« 1. 


(d) (i) Logarithmic Test. Su, of positive terms is convergent 


or divergent respectively if lim пова.) >lor<l. 


n> Unt 
(ii) Higher Logarithmic Test. Zu; of positive terms is 


convergent or divergent if lim nlog “> — y | 
nD Unty 


>lor <1 respectively, 


(e) Cauchy's Condensation Test. Уп), where f(n) is positive 


and decreasing, and Za"f(a") where a>1, converge or 
diverge together. 


8. Convergence of series of positive and negative terms— 
(a) Leibnitz's Rule. 2Un, a series of alternately positive and 
negative terms, is convergent if lim и, =0 and Unt S Un 
n-» 
for all n є М. 


(5) Xu, of terms of arbitrary si 
1s convergent. 

(с) Su, of terms of arbitrary signs, is conditionally conver- 
gent if Yu, is convergent but 5 | un | is divergent. 

9. Continuity and differentiability of functions— 

(a) Verification of continuity— 

(i) A function f(x) is continuous at x«a if 
lim Ла —h) - lim аһ) = f(a). 
д0 hoo 


gns, is convergent if x | ez 


(ii) A function fix) is continuous at x=a, the left-end point 
of the domain, if lim (а-л) =f(a). 
h-o 


(iii) A function f(x) is continuous at x=a, the right-end 
point of the domain, if lim аА) = f(a). 
>0 
(b) Verification of derivability— 
(i) A function f(x) is derivable at x= a if 
lim / (874 — f fa) - dim EERE 
0 h й—0 =h 


=a definite number. 
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CHAPTER LEAST UPPER BOUND 
1 AND GREATEST LOWER 
BOUND IN A 


1.1. Introduction 


The underlying set of our analysis is the set R of real 
numbers. The students are already familiar with the set N of 
natural numbers, the set Z of integers, the set Q of rationals 
and the set P of irrationals intuitatively. Remember 

NEML SI 
Si ED 191,0; 1-2, 3,93 


Z={.. 
Oe d E 7 where p eZ, 42, q # О and p, gare 
in the lowest order 


P-(x|x-a^* огтоге 
where a e О and a is not equal to nt power of a rational} 
andR=QuP,NcZcQOcR, ОПР = $. 
Note. 7 and e are also know as transcendental numbers. They аге 
special irrational numbers. 


1.2. Structure of R 


The various algebraic laws that hold in R for two binary 
operations addition ( + ) and multiplication ( x ) and an order 
relation >, are as follows— 


Addition (4-) Laws 


(A,) Closure Law. a, beR = a-- Ь є К, 
(A3) Associative Law. a, b, ce К 
= (a +b) +c = a+ (b+ e) 
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(As) Commutative Law. a,beR>a+b=b+a 

(44) Existence of Identity Element of Addition (or Additive 
Identity). There exists a number 0 є R, called zero, such that 

a--0—0-ra-a, ¥aeR. 

(As) Existence of Inverse Elements of Addition (or Additive 
Inverses). For each ae R there exists a corresponding element 
be Rsuch that a+ b —b--a-0Q. 

b is called additive inverse or negative of a and it is written 
as — a. 


Multiplication ( х) Laws. 


(M3) Closure Law. a, be R> ax beR 
(Mz) Association Law. a, b, ce R 
»ах (b X c) = (a x b) x e 

(Мз) Commutative Law. a, be R> ax b = b x qa 

(Mi) Existence of Identity Element oj Multiplication (or 
Multiplicative Identity). There exists a number leR, calied 
unity, such that ax 1 =1 x a= a v aeR 

(М) Existence of Inverse Elements of Multiplication (or 
Multiplicative Inverses) For each aeR there exists a 
corresponding be R such that a x b = b a= ju 


b is called multiplicative inverse (also called reciprocal) of а 


and it is denoted as a3 or 1 


Distributive Laws for (+-) and (x) 
(D) a b,ce R> a x (Db +c) = aX bax c. 
Laws of Order Relation 7 (greater than) 


(01) Trichotomy Law. If 


a, beR then i 
among the following holds — € one and only one 


а>Ь o a=h or b»a. 
(Os) Transitivity Law, For a, b, ce R if a»bandb»c 
then а> с. 
(03) Monotony Law Jor Addition, For b i 
a UE ā, b,ceR if a >b 
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(O,) Monotony Law for Multiplication. For a, b, ce R if 
a>bandc>0 then ax c» bx c. 

(O;) Archimedean Law. If a,b eR and a > 0 then there 
exists a natural number п such that na > b. 

[Note. The order relation laws can be expressed in terms of 
« (less than) for a > b and b « a carry the same meaning.] 

In view of the algebraic laws (41) — (As), (М) — (M;) and 
(D) that hold for R, algebraic structure of from the point of 
views of Abstract Algebra is that of a field i.e. Risa field for 
the operations + and x. 

As R also obeys the laws (О,) — (O,) for order relation >, 
we say Ris an ordered field. The above mentioned algebraic 
Jaws and laws for order also hold for the set Q of rationals. 

As such Q is also an ordered field. 

As Oe К, for every a e R we have any one of the following, 
according to the law (O:)— 

a»0.or а=0 or 0»a. 

If a > 0, a is called a positive real number and if 0 > a, a is 
called a negative real number. The set of positive real 
numbers will be denoted by RF and that of negative real 
numbers by R-. Also if xe Rt, y e R? then x > y. 


1.3. Absolute Value or Modulus or Norm of a Real 
Number 


The absolute value or norm of a real. rumber x is denoted 
by | x | and it is defined as follows— 
| x | = x when x > 0 
— x when 0 > x 
This can also be defined as | x | =maximum of x and — x. 
Absolute value of a — b ie. a+ (—b) is denoted by 
|a-5|. 
By definition of absolute value, 
| a—5| =a-—bifa>b 
b—aifb»a 


| 
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|a-b| <ewa-—b<cifa>b 

or b—ac«ifb»a 

Again a—b<«wa<b+e 
b—a«ecb-—-««a 


zl 3 
Thus T ess b|«ecb—ecaxcb-rei m. (А) 
а a 


Again if | a—b | < ke, where k is a positive real nuniber 


and є is an arbitrary positive real number, then a = b. 


For ifa z b taking є = x | a—b | > 0, as « is arbitrary, 


we get la-b| < к= la- b] «ea la-b| 


=|a—b| beside 
which is absurd for | a — b | is positive. 
Hence a # bis impossible. So a = b. 
Thus 


Other useful properties of the absolute value are given 
below— 

(i) | a=b | = | b-a |, (symmetry) 

(ii) |a—b | < | a—c| + | c—b |, (triangle inequality) 
Replacing b by—b and c by 0 (ii) becomes 

lab | <|a|+ I]. 
Note. | a—b | is also called the distance between the real 
numbers a and b. If the 


есерде деш R $ 
distance between a and b is 


а b 
denoted by d(a, b) then 
da, b)= |a — b|. 


1.4. Bounds of a Subset in R 


A real number K is called an upper bound of the subset F of 
R if K is greater than or equal to each element of F, 
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Symbolically, 


4 
1 X < K ¥ xeF +> Kis an upper bound. ; 
Ё 1 


П 


It is clear that if К is an upper bound then K+ р, where p 
is any positive real number, is also an upper bound. 


If an upper bound of the subset F exists then we say that F 
is bounded above. 


E 
Pictorially, ea суу с oF 
R 


A real number К is called a /ower bound of the subset F of 


R if every element of F is greater than or equal to k. 
Symbolically, 


4 
| x > kK ¥ xe F <> К is a lower bound. 


It is clear that if k is a lower bound then k—p, where p is 
any positive real number, is also a lower bound. 


If a lower bound of the subset F exists then we say that F is 
bounded below. 


Pictorially, k aE 
x 
R 


A. subset F of R is called bounded if it has an upper bound 
as well as a lower bound. In other words, the subset F of R is 
bounded if two .real numbers k and K exist such that every 
element of F is greater than or equal to k and less than or 
equalto K. Symbolically, 


ч 
| Kk <x < K¥ xe F <> F is bounded, ! 
ЕЗ Є] 


Clearly an upper bound is greater than or equal to every 
lower bound. 
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2? 535^ 


ванна ғ, 1 1 ze Here Fc R. 


Clearly x < 1 ¥ xe E. Solisan upper bound and 2, 3, 
2:5 etc. are all upper bounds. Thus F is bounded above. 

Again x > 0 v xe F. So 0 isa lower bound. —1, —2, —2:3 
etc. are all lower bounds of F. So F is bounded below. 

Thus 0 < x < 1 ¥ xe F. So Fis a bounded set. 


1.5. Theorem 


-A subset F of the set R of real numbers is bounded if and 
only if there exists a number le R such that 


|x| €!» xeF. 

Proof. Let F be a bounded subset of К. 

We have to prove that there exists a number / e R such that 
|x| sx xeF. 


As F is bounded, by definition, there exists two теа] 
numbers k and К such that 


k <x < Kx xeF. 2i (1) 
If both k and К are positive then due to (1), 
-K<x<K 
F 


-K о х K 


or OK E EEK; р 
[according to (A) of § 1.3] 
If both k and K are negative then let k = — ko, K = — Ky 


where ko, Ko are positive. 


Clearly due to (1), — k, < x < ko 


Е 
ceo 
و إا به‎ 
“Ko -K,O ko 
or 0- kisx<s0+kg .. jee | < kis 


[according to (4) of 8 1.3} 
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If k is negative and K is positive then let k = — ko 
where Ао is positive. 
Clearly due to (1), — K < x < K 


F 
MÓN 
4 —————————1————————— 
-K k o K 
ог О eS ОЕК „О ЕК, 


[according to (A) of § 1.3] 

Thus in all cases |x| < / * xeF 

where /=the greatest among К and ko. 
Next let F be a subset of R such that 

|x| s! vxeF ie. |x-0| «Iv xeF. 
We have to prove that F is bounded. 
By (A) of §1.3, O-7<x<0+/ 
i.e. -l<x<I¥ xeF. 
F is bounded, 


Thus we get 


r 
jis bounded e lagi <Il¥xeF. 4 


1.6. Axioms of Least Upper Bound and Greatest 
Lower Bound (or Continuum Property or Comple- 
teness Property) 

We know that if a subset F of real number set R has an 
upper bound K then # has many upper bounds, because 
x<K¥xeF>x<K+p¥xeF 

where p is any non-negative real number. 

Similarly if F has a least upper bound k then F has many 
lower bounds because 
xzkwxeF—x2k—pwxeF 


where p is any non-negative real number. 
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The following axiom states the most fundamental property 
for the analysis of the real number set R— 


Axiom of Least Upper Bound 


Statement. Every non-empty subset F of real numbers which is 
bounded above has the smallest upper bound i.e. the smallest 
among the upper bounds exists for a subset F of real numbers. 


The smallest upper bound of a set F is called the least upper 
bound (l.u.b.) or supremum of F. If] is the supremum of F we 


write l = sup F or sup x and / < К where К is any other 
xeF 


upper bound. The least upper bound or supremum of a set F 
should not be confused with the maximum of F (i.e. the largest 
element of F). There are subsets of R for which supremum 
and maximum are equal. If F hasa maximum M then clearly 
M isalso the least upper bound. But we can have a subset of 


R for which the least upper bound exists but the maximum 
does not exist. 


Example. (i) Let F = (1, 2, 3, 4, 5}; clearly Ес А and the 
maximum of F — 5. By definition of upper bound, Kisan 


upper bound if 5 « K. Hence the least upper bound of 
F — smallest value of K— 5. 


Here the maximum of F — the least upper bound. 


(ii) Let F={x|1<x<5,xe R}. By definition of upper 
bound, Kis an upper bound if 5 < К. So the least upper 
bound is 5. But F does not have the maximum element 
(remember 5 ¢ F). 


1.7. Axiom of Greatest Lower Bound 


Statement. Every non-empty subset F of real numbers which is 
bounded below has the largest lower bound i.e. the largest among 
the lower bounds exists for a subset F of real numbers, 
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The. largest among lower bounds of a subset F of real 
numbers is called the greatest lower bound (g..b) or infimum 


of F. If g is the infimum of F we write g = inf F or inf x 
xeF 


and g > k where К is any other lower bound. 


k C cue: R 
The greatest lower bound or infimum of a set Fis not 
always the same as the minimum of F (i.e. the smallest element 


of F) If F has a minimum т then clearly m is also the 
greatest lower bound. But we can have a subset of R for which 


the greatest lower bound exists but the minimum does not 
exist. 


Example. (i) Let F = (x | < x < 5, x e R}. 

By the definition of a lower bound, К is a lower bound of F 
ifk < 1. So the greatest lower bound is 1. Also 1 is the 
minimum of F. 

Here the minimum of F = the greatest lower bound. 

(ii) Let F = {x | x>1, xe R}. 

By the definition of a lower bound, k is a lower bound if 
1 > К. So the greatest lower bound is 1. But F does not have 
the minimum element. 

If a set F does not have an upper bound we say Fis 


unbounded above and we show it by writing sup F = + оо. 
If F does not have a lower bound we say F is unbounded 


below and we show it by writing inf F = — оо. 


1.8. Some Properties of Supremum and Infimum 


Property 1. Let A be a non-empty bounded subset of R and 
X is a non-negative real number. 
Then (i) sup ^ А = sup 4. 
(ii) inf 2 A =2 inf А, 
Proof. (i) Let sup A = 1. The existence of / is ensured by 
the fact that A is bounded above. 
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By definition of supremum, x < [¥ xeA ct (1) 
and 1 is the smallest among such numbers. 
Ifa >0,4x «Xl x є А, using (1). 
A lis an upper bound of the set А = (Ax | xe A}. 


By continuum property of the set of real numbers, A 4 has 
the supremum, 


Let sup A = l'. If we can prove 47 = 1’ our problem is 
solved. 


As i' is the supremum and A l is an upper bound of à А, we 
get МЇ >l. 


Again as /' is the supremum of 4 А, we get х <I’; 


r 
х= —+=хєА 
Ur € 


la 
x 15 an upper bound of А. But / is the least upper 


bound of A. Hence] < =з ОЕ Г 


; gnis we get àl > l'as wellasal <I’. Hence we conclude 
ү = 


вир» 4 = [© = А1 = sup А. 
Ifa = 0, the set А = (0x | x © A} = (0). 

sup А = sup {0} = 0 = à sup А. 
(Note. This result holds even when А is only bounded 
above.] 


(ii) Let inf.4—g. The existence of g is ensured by the fact 
that А is bounded below. ' 


By definition of infimum, x > g£YvVxeA 
and g is the greatest among such numbers. 
Asx>0, 4x 2Ag ¥ XeA, using (1). 
58 is a lower bound of the set 4 А = {Ах | xe A}. 


By continuum property of the set of real numbers, ^ 4 has 
the infimum. 


(1) 


Let inf А = g'. We have to prove that Ag = g'. 4 
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Asg'isihe infimum and Ag is a lower bound of 44, we 
get 2/ > Ag. 
Again as g'is the infimum of 2 А, we get Ax > g’; 


x> A ¥ xed. 
isa lower bound of 4. But g is the greatest lower 


bound of 4. Henceg > £5 so ле Р р". 


Thus we get g' >Ag as well as 4g > g'. Hence we 
conclude } g = g'. 
inf à A = g = Ag = hinf A. 
Ifa = 0, the set à A = {0 x | x e A} = {0} 
inf à A = inf {0} = 0 = X inf A. 
[Note. This result holds even when A is only bounded 
below.] 


Property 2. If 4 isa bounded subset of real numbers and 
X < 015 a real number then 
(i) sup 4.4 = X inf 4 
(ii) inf AA = X sup А. 
Proof. (i) Let inf 4= g. 
By definition of infimum, x > g ¥ xe 4 "1 (1) 
and g is the largest among such numbers. Р 
If 4«0, Ax <1g ¥ xe А, using (1) 
à g is an upper bound of the set à A = {х | xe A}. 


By continuum property of the set of rea! numbers, A A has 
the supremum. Let sup ^ A = /. We have to prove that à g = /. 


As lis the least upper bound (supremum) of A 4, 1 < àg; 


alo — Ax«! ie. x > 1х4, Ce A 7:0) 


is a lower bound of A. Butg isthe greatest lower 


Pp 
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bound of А. So x <g ie l2xg, (7 X«0) 


Thus we get < àg as well as 1 > Ag. 
l=g ie. suprxdA = inf A. 
КА =0, the setr~ A = {0 x | xe A} = (0) 
sup ^ 4 = sup {0} = 0 =A inf A. 
(ii) Let sup А = l. 
By definition of supremum, x < I ¥ xe A 5. (1) 
апа / is the smallest among such numbers. 
И). < 0,х > AI ¥ xe А, using (1) 
àl is a lower bound of the set А = {А x | x A). 
By continuum property of the set of real numbers 2 А has 
the infimum. Let inf’ A =g. We have to prove that 
Z= МІ. 
Аз isthe infimum of 24, g >}/and also xx > g 


i.e. х< Ê ¥ xed, (90) 


Z is an upper bound of A. $0/ < B 


i.e. Al >р, (7610) 

Thus g >2/ as well asil > р. 

Sog = А1 ie. infX A =2 sup A. 

If à = 0, 44 = {0x | xe 4} = (0) 

inf A A = inf (0) = 0 =a, sup A. 

Cor 1. Taking à = — lin property 2 we get the following 
relations between the supremum and the infimum of the 
set A— 

(i) sup (— A) = — inf A. 
(ii) inf (— A) = — sup A. 

Property 3. If 4 and B are two bounded subsets of R and 

А + B is a subset of R defined by 
4--B-íx|x-a--b,aeA, beB) 
where a + b denotes ordinary addition of real numbers a and b 
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then 
(i) sup (4 + B) = sup 4 -+ sup В 
(ii) inf (4 + B) = inf 4 + inf B. 
Proof. (i) Let sup 4 — L sup B=. 
а<1, b«l'vaeA, beB. 
a+b<I+!l. 
Thus the set of real numbers of the form a- b i.e. the set 
А -+ B has an upper bound / +- Г. 
By continuum property of R, A + B has the least upper 
bound (supremum). Let it be 2. We have to prove that 
= 1+1. 
By definition of supremum, à < I+ l'. 
Next, as / is the smallest among upper bounds of A, l — e 
is not an upper bound of A ¥ real є > 0. 
i.e., a < 1 — e is not true for all a e A 
i.e., there exists an element 4, € А such that a, > / — e. 
there exists an element b; є B such that 
b2l-—e 
a pbi > 141-26 
But a, + 64+ 8 whose supremum is A. 
So a+b, < M 
> aq Б, >l Ї' = 2є, 
> ЁЗ 1—2 6 є'>0. 


Similarly, 


i.e. 
ат So A a TED. 
Thus we get à < l+ l'as well as A > I+ I. 
„= 1-15 іе. sup (A + В) = sup A+ sup В. 
[Note. This holds even when A and B are bounded above 
only.] 
(ii) Let inf A =, inf B — g'. 
a2g b 2g x acd, be B. 
а+ь > 8+2". 
Thus the set of real numbers of the form а + b, i.e. the set 
A + B has a lower bound. 
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-. Ву continuum property of R, A + B has the greatest 
lower bound (infimum). Let it be н. We have to prove that 


uc gg. 
By definition of infimum, p >g +g’. 
Now, as g is the largest among lower bounds of A,g-- є 
is not a lower bound of А ¥ real e > 0. 
ie. a >g + e is not true for all a e A 
ie. q (there exists) an element а, e A such that a«8-e. 
Similarly, there exists an element b, є B such that 
b, < g'- e. 
а+ < g+ g' 42e 
But a, + b, e A + B whose infimum is u. 
So a+b, > y. 
£8 +le> dı + by > ш 
ie. g+g'+2e>pu¥e >0. 
ELE <и; so g+g >p 
Thus we get n > g + g' as well ази < ete’. 
M —8-F8' ie inf(A-- B) = inf A + inf B. 
[Note. This holds even when А and B are bounded 
only.] 


below 


1.9. Intervals in В 


In order to analyse the real number set R it is essential to 
associate subsets of R with real numbers. 


i This purpose is 
served by taking subsets of R in a special way 


аз given below— 
Open and Closed Intervals 


An open interval of real numbers is a subset of R defined as 
{x |a < x < b} ie. itis the set of all real numbers that are 
greater than a but less than b. This open interval is denoted 
by (а, b) or]a,b[. Thus (a, b) = {x | a < x < b, xe R} 

and ye(a,b)>a<y<b. 

A closed interval of real numbers is a subset of R defined as 
{x |a < x <b} ie. it is the set of all real numbers that are 
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equal to or greater than a but equal to or less than b. This 
closed interval is denoted by [a, 5]. Thus 

[a, b] = {x | a < x < b, xe R] 
and yela, b] > a < y <b. 


a b 
open interval ( a,b) 


tueri ES o e | 


closed interval [a,b] 


Clearly open and closed intervals are bounded sets in R. 
While in case of (a, b) there is no maximum or minimum 
element,in case of [а, bj the maximum element is b and 
the minimum element is а. 


There are other bounded intervals of R which are open at 
one end and closed at the other. These are also called semi- 
open or semi-closed intervals. For example— 


(i) {x | a < x < b} 


¢ b] › 


interval(a,b] 


This is closed at b but open at a and such intervals are 
denoted by (a, 5]. 
(ii) {x | a < x < b} 
b 
interval [a, b) 
This is closed at a but open at b and such intervals are 
denoted by [a, b). 


There are unbounded intervals of R. For example— 
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(0 {х|х>а} 
a 
interval(a,+0) 
which is denoted by (а, + co) 
2) {x|x <b} 
b 
interval (-2°,b) 


which is denoted by (— оо, b) 
(3) {х|х»>а) 


interval [a,+20) 


which is denoted by [a, + oo) 
(4) {x| x < 5} 


a Ss —L 
interval¢eo,b} 
which is denoted by (— оо, b]. 


1.10. Neighbourhoods or Intervals Associated 
to a Real Number 


For the real number a, the open interval (a — e, a + e) i.e. 


the set {x|a — e < х< а--є} is called an e-neigh- 
bourhood of a, e being positive. 


In a more general form, a neighbourhood of a real number 
a is a subset T of R if (i) there exists e > 0 such that 


(а —e,a--e c T. 
or (ii) there exists an open interval J such that 
ael CT. 
Example. (1) e- neighbourhood of 1 is (l-e 1+ €) 
(2) The set R is a neighbourhood of each real number x. 
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1.11. Length of an Interval 


The length of each of the intervals (a, b), [а, b], (a, b] and 
[a, b) is b — a. 
The length of each of the intervals 
(a, + оо), [а, + оо), (— co, b) and (— оо, b] 
is infinite (оо). 


1.12. Limit Points of an Infinite Subset of R 


Let F be an infinite subset of А. A number le А is called 
a limit point of F if every e-neighbourhood of / contains 
infinite number of members of F. In other words, 
xe(l—el4-e ie l-e<x<Il+e 
for infinite number of values of x from the set F. 


1.13. Fundamental Theorem on Limit Point 
(Bolzano-Weierstrass Theorem on Limit Point) 
(M U 1966 H, '68 H, 72 H, 75 H; P U '69 H; Bh U ’75 H) 


Statement. Every infinite bounded subset of R has at least 
one limit point. 

Proof. Let F be an infinite subset of R and it be bounded. 
By continuum property of R, F has a supremum / and an 
infimum g. 

Let us define a set P as follows— 

P = (x | x exceeds at the most a finite number of 

members of F}. 

As infimum g exceeds none of the members of F (i.e. 
exceeds a finite number of members of F) we get g e P. So P 
is non-empty. 

Again no real number greater than or equal to the 
supremum / can belong to P, because then it will exceed all 
members of F which is infinite. 

So P is bounded above by /. 

By continuum property, P has a supremum & (say). 
We shall prove that & is a limit point of F. 
Let us take any e-neighbourhood (& — є, &£ + e) of ë 
where e > 0. 


m ——— 
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As & is the supremum of P, & is the least among upper 
bounds of P i.e. P has no upper bound less than E. So ё — e, 
where e > 0, is not an upper bound of P. Thus, there exists at 
least one element y є P such that y > & — є. 

As ye P, y exceeds at the most a finite number of members 
of F, by definition of P. | 

But у > &— e. So ë — e exceeds at most a finite number 
of members of F. 

Next, & is the supremum of Р. So &+ є exceeds all the 
elements of F which is infinite in number. 

Thus&—e« x < & + e for infinite number of members x 
of F. 

By definition of limit point & is a limit point of F. 


WORKED OUT EXAMPLES 


1. Prove that the set R* (ie. the set of positive rea! 
numbers) is bounded below but unbounded above. 
[fuz «X fs agaa А+ (sul чп eaha deme жт agoma) 
fara-sftaa # farg заб-чйча mit i] 
Solution. Here xe К+ > x > 0 y xe Rt. 
So 0 is a lower bound of R+. Thus R+ is bounded below. 
If possible, let / be an upper bound of R+ 
ie. x<slyxeR. e (D 
Asle Rt, 1 <I. Also 0 < 2. 
1+0</+2; or O</+1. Hence i+ 1 e Rt. 
From (1), 1+1<1 
which is a contradiction for all / e R. 
Hence our assumption that / is an upper bound of R* gives 


a contradiction. So R+ has по upper bound i.e. R*is un- 
bounded above. 


2. Find the greatest lower bound of the set А where 


4 = {el x = 4r E T nen}, 


[agai 4 = (e | x 5 4 + ê +, ne N} or meen fra чч 
fara i] 
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Solution. Here x —4 prg = e«( 2+ IJ. 2) 
n n* 


2 
=6+(n-4 where n e N. 


x > 6 м хєА. Hence 6 is a lower bound. 
By continuum property A has the greatest lower bound g. 
x>g>6. 
Let g-26-e 


2 
xz6--e or x=(n+4) +2>6+e¥neN. 


Taking n =1 e N, (1 + 1} + 2 > 6t € ie. 02e. 
But 0 > cimplies g = 6 +e < 6 which contradicts the 
fact g > 6. 
e=0 ie. g=6. 
Hence the greatest lower bound of A is 6. 


3. If x > 0, prove that given ye А there exists п є N such 
that nx > y. (Archimedean property) 


[afe x > 0, fax ax fa ma y e Кё far ws neN ma gr «Т 
nx > у. (ат ча яч) 

Solution. As yeR, y «0 ог у> 0. 

When y < 0, nx > y is obvious, as x > 0. 


When y > 0, if possible let nx < y ¥ n eN. 
Thus the set 4 = (nx | ne Nj is bounded above, y being an 


upper bound. 
By continuum property, А has supremum. 
Let sup А =1. So nx < Ix ne N. 
As n-- 1e N, (n+ 1)x </]¥neN 
nx <l—x¥neN. 
1 — x is also an upper bound of the set A. 
Asx>0,/—x</. But 1 is the smallest among upper 
bounds. So /—x< 1 contradicts the meaning of supremum. 
Our assumption, пх < y ¥ n e N was wrong. 
There exists at least one п such that nx > у. 


or 


| 
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Problem—Set 1 


1. (i) Prove that the set of negative real numbers is bounded 
above but unbounded below. 

[fus at (5 яч четче чеша! ат wqeuz wufeuRae Ф feg 
fara-cftaz agi i] 

(ii) Prove that the set A of all real numbers is an un- 
bounded set. 

[faz at f areafam deceit at agea R ачаа d 1] 

2. (i) Find the greatest lower bound of the set 


of eue 1 | nN}. 


[ages {nê + i +1 | ne NJ ur qun far-afeáu faxa i] 
(ii) Find the least upper bound of the set 


r+ Û |пеА). 


[ege (3 — n + 1 | ne ат fa waft-aftdy fama 1] 


(iii) Prove that the greatest lower bound of the set 
{x | x > 0} is 0. 
[faa ac {в agama {x | x > 0) at яєчи fara чч 08 1] 
(iv) If x and y are lower and upper bounds fora set F < R 
Such that x, y e F then prove that 
sup F— y and infF- x. 
[afa fret agez F < Rom fura ed чч чач amg: x айс у tu 
X, ye FT faz at fg 
sup F = y and inf F = х.] 
3. Prove that, if x e А there exists a unique n eZ, the set of 
integers, such that 
nzx-«cn-l. 


laf xe Rat fuz aj fs vm айл neZ (quis жт WHsug 918 
am wn <x < + 1] 


CHAPTER REAL 
2 SEQUENCES 


The concept of sequences in the real number set is a power- 
ful tool for the analysis of R. In fact George Cantor (1845-1918) 
made the sequences of rational numbers as the basis for most 


of the fundamental concepts in real analysis. 


2.1. Functions іп В 


A rule or correspondence f is called a real valued function 
if it associates each member x of the set A to an uniquely 
determined member y (called image of x) of B, a subset of К. 
lt is denoted by f: 4 > В огу =f (N, indicating that the real 
number y corresponds to x € A under the rule f. The set A is 
called domain of the function and the set PA= {11У = F(x); 
xe A} i.e, the set of images cf A is called the range of f. Also 
x is called an independent variable and y is called a dependent 
variable. 

Features of a function v = f(x) in Rare as follows— 

(i) yis uniquely determined for every value of x from the 
domain. The value of y corresponding to the value a of x is 
denoted by f (а). 

(ii) For two or more values of x, y can have the same 
value. 

(iii) The image i.e. the value of y for a prescribed value of 
x is obtained by substituting the value of x in the equation 
connecting x, y to describe the rule f. 


22. Some Classifications of Real Functions 
(1) Polynomial Function. 


A function f(x) = x" + архе 4 ax е F Qn 
where ap di do ۰*9 Gn € R and are independent of xe R, is 


called a polynomial function in x. 


155855 — 
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(2) Rational Function. 


A function f (x) of the form 22 where Р(х) and Q(x), (#0) 


are polynomial functions in x, is called a rational function. 


In particular when Q(x) is a constant i.e. independent of x 
then f(x) reduces to a Polynomial function. Thus every poly- 
nomial function is a rational function, 


(3) Algebraic Functions, 


The function y = f(x) is an algebraic function of x, if y 
is the root of an equation of the nth degree in y whose co- 
efficients are ration! functions of x 


i.e, PER ys be t R(x) = 0. 
(4) Transcendental Functions. 

All functions which are not algebraic are called transcen- 
dental; this is a wide class of functions and includes such well- 
known functions as sin х, cos x and log x, as well as many 
which are less familiar, 

(5) Odd and Even Functions, 


If a function f(x) changes its si 


ie. f(x) = — f(— x) then that 
function of x. 


£n as the sign of x is changed 
function is called an odd 


Example. F(X) = хр 5x3 is an odd function, because 


/(—х) = — х + 5(— x} = —(x + 5х%) = — f(x). 


TETA function f(x) does not change its sign as the sign of x 
is changed, then that function is called an even function of x, 


Example. f(x) = x4 ++ 8x? is an even function, because 


JQ) = xt 8х®— (— 3' t 8(— x = f(—x), 


2.3. Sequence (M. U. 1984) 


A function u whose domain is the set of natural numbers N 
15 called a sequence, Thus a rea] Sequence и is а Correspondence 


Aat 
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which associates each natural number to uniquely determined 
real number. The image of the natural number п is denoted by 
иһ or u(n). It is customary to depict a sequence by listing the 
images of the natural numbers 1, 2, 3, ..- „in that order. Thus 
a sequence is denoted by 1, Uz, us ....› Ип, =-=: in the long 
hand and briefly it is written as {иһ} OT < Un > OF (un)- 

The image of n і.е. un is called the nth term (or element) of 


the sequence. 


Example. (i) 1, 3, ENT NARE 1, .... is а sequence for 
which u, = 1, u = 3, ...., Un = 2n — ], etc. 
Gi) —1, +1, — 1, 4 «.<. ds a sequence for which 
u = = l, 8 = -1-2(-0D5...— (— 1)", etc. 
The set (x | X = Un, л є N), of distinct terms of the sequence 
{up}, is called the range ог range-set of the sequence {иа}. The 
set of terms of the sequence {иһ} is the set 
и = (ts Uz, Ug, os Uns эйр 
Example. (a) The range set of (ug), ча = 3n + lis the set 
(4, 7, 10, 13, ....) which is a subset of R. 
(b) The range set of the sequence in (ii) is (— 151 
As a sequence is a function, the diagram of a sequence {un} 
is shown as follows— 


Un 
Us ^ 
ДУ 
Ua А v 
1 N LI 
/ ЖУ 
и 4 v 
ub o № 
moe МЕ eae 
QUIE ДЕЗЕ S5N6 n 


As the terms of a real sequence are real numbers, a sequence 
is also shown by points on the number line as follows— 


р 0 
U, U2 Us U4 из Un 
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[Note. From the definition of a sequence as a function from 
N to R, it is clear that the number of terms (distinct or equal) 
in a sequence {up} is infinite. In the elementary level, students 
came across progressions which were also termed sequences and 
many of them were of finite number of terms. For example— 
С) 17395, 7; 95.7525: 
н ЕК 1 
(ii) 1, TU PU Amm 
This must not lead to any confusion for it should be borne 
in mind that actually in writing the progression (i) or (ii) we 
have only indicated the first few terms of an infinite sequence. 
In (i) the sequence is (2n — 1) and 


in (ii) the sequence is | zs 


In order to investi 


gate the behaviour of a sequence, the 
following Concepts are 


to be understood properly. 


2.4. Bounded Sequences (P U 1967 H, '62 H) 


Definitions. The sequence {иһ} is said to be bounded above 
if there exists a finite number Ke R such that 


иһ < K, for all values of ne N. 


The sequence {tn} is said to be bounded below if there 
exists a finite number ke А such that и, > k, for all values 
of ne М. 


The sequence fun}, whch is bounde 
said to be bounded, and the numbers 
upper and lower bounds respectively. 


d above and below is 
К and К are called rough 


ип i$ a bounded sequence if К < Un < K¥neN. 
In other words {и„} is bounded if up e [k, K] v neN, 


Pictorially— 


к U, из и } 


1 Uz Uq Ugg uy, “K 
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2 5. Least Upper and Greatest Lower Bounds 


Definitions. If M is a number such that 
(i) un < M, for all values of n e N 
and (ii) un > M — e, for at least one value of n e N where e is 
an arbitrary positive number, however small, then M is called 
the least upper bound or simply the upper bound of the sequence 
{un}, which is bounded above. 
Clearly the upper bound of {wn} is also a rough upper 
bound of {un}. 
If m is a number such that 
(i) u, > m for all values of n, 
and (ii) ün < m + e, for at least one value of n eN 
where e is an arbitrary positive number, however small, then 
m is called the greatest lower bound or simply the lower bound 
of the sequence {un}, which is bounded below. 
Clearly the lower bound of {up} is also a rough lower 
bound of {up}. 


; 3.4 5 п+1 
Examples. Gm s П 
ples. (i) The sequence 2, ae ee a 


is bounded, as its upper bound is 2 and the lower bound is 
1. A rough upper bound is 3 and a rough lower bound is 0). 

(ii) The sequence 1, 2, 3, ...:, 7, .... is bounded below ibut 
it is not bounded above and hence it is not bounded. 


[Note. The existence of the least upper bound and the greatest 


lower bound of a bounded sequence is ensured by the axiom 
of completeness for the set R.] 


2.6. Monotonic or Monotone Sequences 
(B U 1975; M U '65 H, '68 H) 


If uny = Un for all values of neN, then unis said to 
increase steadily and the sequence (un) is said to be a monotonic 
increasing sequence. 

Explicitly, for a monotonic increasing sequence {иһ}, 


Uy < Ug <<... < Un <..... 
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Tf uni; > Un for all values of ne N, then the sequence {up} 
is said to be strictly monotonic increasing. 


Thus 
[OON XU NEU RUE X GEN n olt NI 
1 a sequence {ил} is monotonic increasing <> Un > um ЕН 
فک تا‎ ce аон анаа ОРЫ БЛ gp E EE 2 
Pictorially, 


Uy Uz йз Ча Us Us Un 


Obviously, for a m.i. (monotonic increasing) sequence {un}, 
uUa > u ¥ ne N. Soa т.і. sequence is bounded below, u, 
being a rough lower bound. 

Examples, (i) The sequence defined by 1, 1,3, 3, 5, 53. А% 
is monotonic increasing. 

(ii) The sequence defined by 2, 4, 6, ...., 2n, .... isa 
strictly monotonic increasing sequence. 


If n+ < ug for all values of ne М, then up is said to decrease 
steadily and the sequence {un} is said to be a monotonic 
'ecreasing sequence. 
Explicitly for a monotonic decreasing sequence, 
U > Uy > m....2 Ug 2... 
n 5 
1 саа < ts for all values of ne N, then the sequence {иһ} 
"d to be strictly monotonic decreasing. 
5г г 
* «hus 


` sequence {un} is monotonic decreasing <> uy, < Um ¥ n>m. } 


Pictorially, 


Un Us Us Из U2 Uy 
Obviously for a m.d. (monotonic decreasi 


Up <u, Y neN. So a mJ. Sequence is bound 


ed above, u, 
being a rough upper bound. 


Examples. (i) The sequence defined by 
-1,-1, -3, 3, —5, 5 
is monotonic decreasing. 


EEUU 


ng) sequence 
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(ii) The sequence defined by 


үти rt in 
"YU зн? 
is а monotonic decreasing sequence in the stricter sense. 
A sequence which is either monotonic increasing ог 


monotonic decreasing is said to be monotonic. 


2.7. Limit of a Sequence (M. U. 1984) 


In case of a sequence which has infinite terms it is difficult 
to keep track of all the terms individually. So in order to 
analyse a sequence it is found convenient to describe the 
location of the terms in the real number set R by considering 
nearness of most of the terms to a prescribed real number. 
With this in view the concepts of limits and convergence are 
introduced for a sequence. 

Limit— The sequence {иһ} is said to have the limit 1 if fora 
given positive number є there exists а positive integer m such 


that | uy — 1| < e for all integral values of n > т. С^ 


Obviously m depends on є in general. tpa d 
If {up} has the limit / we show it by writing un > E 


п> оо or lim un =l. 


zo 
In more compact symbolic forms— Г 
The sequence {un} has the limit 7 if ; is 
() > 03 т(е)єЛ№. п> т = | ии | «e it 


ie. 1— e < ил < I+ є [see (A) in section 1.3] 
or (ii) e» 0 3 m(9eN. n >m = une (l— e l+ e). 


Pictorially, 


и; ш Um Ums3UmerUme2 Um-i 
(-€ t {+Є 


Thus / is a limit if in every e-neighbourhood of / contains 
all the terms of the sequence {un} except perhaps a few. 

As e is an arbitrary positive real number, it can be taken as 
small as we please and as such physically, / is the limit means 
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that except a finite number of terms of the sequence, allthe 
terms are situated very close to / on the number line R. 


Note. (i) Some earlier authors use the word “however 
small" for e which is superfluous as arbitrariness of e includes 
that fact. 


(ii) In the definition, m need not be taken an integer 
“n> Sf > | u, —1| <<” 


can imply “n > 6 = | u, — [| < e” because n is a natural 
number. 


2.8. Limit Point of a Sequence, Limit Superior 
and Limit Inferior 


Limit Point. A real number / is called the limit point of a 
sequence if every e-neighbourhood of / contains an infinite 
number of terms of the set of the terms of the sequence. 

Clearly if for a sequence {иһ}, un = l for infinite values of n 
then / is a limit point of the sequence. 


сі 

‘Theorem 2.1. (Bolzano-Weierstrass Theorem) 

i NM e Б 

very bounded sequence has a limit point. 

31.700. Let {un} be a bounded sequence and и be the set of 

xerms of the sequence і.е. и = {uy, Ug, ug. . s Uns 
57 If {un} has infinitely many distinct points then the result 
mmediately follows from Bolzano-Weierstrass theorem on limit 
point in chapter 1, section 1.13. 


If {un} has finite number of distinct points and the rest are 
all equal, then let Us = Um forn > т, 


hes и = (s Ue, siii Um, Um, Ит,....}. 
Clearly every e-neighbourhood of um contains all elements 
of и except perhaps Uy, Us... Um for 


Im — ex x < Um + e for x = u, when n 2 m. 
Um is a limit point of the sequence {up}. 


Note. (i) The limit of a Sequence and limit point of a 


ing example— 8. This is clear from the follow- 
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Let {иһ} be a sequence such that 


шщ = 1, из = 1, Us = | 
and и» = 2, Uy = 4, ug = 6,.... 
i.e. usn = 1 for п = 1, 2, 3... 
uan = 2n for n = 1, 2, 3..... 


Here 1 is a limit point of the sequence but 1 is not a limit 
of the sequence. But if a sequence {иһ} has only a finite 
number of equal terms then the limit is equal to the value of 
the limit point. 

(ii) Converse of the above theorem is not true, for a 
sequence having a limit point need not be bounded. For 
example— 

The sequence {ил} of the above example in note (i) has a 
limit point 1 but it is not bounded above. 

From the above theorem we know a bounded sequence has 
at least one limit point. A bounded sequence may have more 
than one limit point. So for every bounded sequence we have 
a set of limit points (called derived set). As such the set ^ 
limit points may or may not have a greatest or least ar 


2 

them. e: 
Limit Superior and Limit Inferior. 

Let {in} be a sequence and 5 be the set of limit p f 


the sequence. The greatest element among the element: — » is 
called the limit superior (or upper limit) of the sequence nd it 
is denoted by lim u, or lim Un Or sup Un. 

n 


no 


The smallest element among the elements of S is called the 
limit inferior (or lower limit) of the sequence and it is denoted 


by lim un or lim up or inf up. 
00 a n 


The existence of limit superior and limit inferior for a 
bounded sequence is ensured by the following theorem. 


Theorem 2.2. The set of the limit points of a bounded set has 


the greatest and the smallest member. 
The proof of it is beyond the scope of the book. 
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that except a finite number of terms of the sequence, all the 
terms are situated very close to / on the number line К. 

Note. (i) Some earlier authors use the word “however 
small" for e which is superfluous as arbitrariness of є includes 
that fact, 

Gi) In the definition, m need not be taken an integer 

*"nz5p—|u-li|«e"' 
can imply “n >6= | u, —1| < e” because n is a natural 
number. 


2.8. Limit Point of a Sequence, Limit Superior 
and Limit Inferior 


Limit Point. A real number / is called the limit point of a 
sequence if every e-neighbourhood of / contains an infinite 
number of terms of the set of the terms of the sequence. 


Clearly if for a sequence {un}, wu, = 1 for infinite values of n 


then / is a limit point of the sequence. 
log, 


} 
co 2.1, (Bolzano-Weierstrass Theorem) 
very bounded sequence has a limit point. 


Z roof. Let {un} be a bounded sequence and u be the set of 
xerms of the sequence ie. u = (uj Uz, ug. >., Haee) 


e: 
3T If {up} has infinitely many distinct points then the result 


, mmediately follows from Bolzano-Weierstrass theorem on limit 
point in chapter 1, section 1.13. 


If {un} has finite number of distinct points and the rest are 
equal, then let u, = Um forn >т 


6 


all 


и = (t, us, из,.. 
А Clearly every «neighbourhood of um contains all elements 
Of u except perhaps иу, иу... -> ga for 


me : 
m—-€<X <и е for x = u, when n > 


. . n Я = oi 
Ит 18 à limit point of the Sequence fun}. 
ote. (i) The limit of a se 


quence and limit point of a 
are not the same thing. This is clear from the follow- 


+++ Um, Um, Um...) 
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Let {иһ} be a sequence such that 

u, = 1, из = 1, Us = ا‎ 

and us = 2, шщ = 4, Ug = 6,.... 

1e Usi = 1 for n = 1, 2, 3,.... 

tan = 2n for n = 1, 2, 3..... 

Here 1 is a limit point of the sequence but! is not a limit 
of the sequence. But if a sequence {иһ} has only a finite 
number of equal terms then the limit is equal to the value of 
the limit point. 


(ii) Converse of the above theorem is not true, for a 
sequence having а limit point need not be bounded. For 


example— 


il 


The sequence {tn} of the above example in note (i) has a 
limit point 1 but it is not bounded above. 


From the above theorem we know a bounded sequence has 
at least one limit point. А bounded sequence may have more 
than one limit point. So for every bounded sequence we have 
asetof limit points (called derived set). As such the set of 
limit points may or may not have a greatest or least among 
them. 


Limit Superior and Limit Inferior. 


Let {in} be a sequence and S be the set of limit points of 
the sequence. The'greatest element among the elements of S is 
called the limit superior (or upper limit) of the sequence and it 


is denoted by lim и» or lim ил or sup uy. 
n-o n 
The smallest element among the elements of S is called the 
limit inferior (or lower limit) of the sequence and it is denoted 


by lim us or lim un Or inf up. 
n>n п 


The existence of limit superior and limit inferior for а 
bounded sequence is ensured by the following theorem. 


Theorem 2.2. The set of the limit points of a bounded set has 


the greatest and the smallest member. 
The proof of it is beyond the scope of the book. 
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Example. (i) Let {u,} be a sequence for which un = 1 + i. 


Clearly 1 < un < 2v neN. So {un} is bounded and 1 is 
‘the only limit point. So the set S of limit points = {1}. 
Greatest element of S = least element of S = 1. 
Limit superior — limit inferior — 1. 
(ii) Let {an} be a sequence for which 


ne (3 At 25 


Clearly — 4 < a, < 35 ¥ ne N. So {an} is bounded. 
Limit points are — 3 and 3. So the set of limit points 


={- 3, 3}. 
| .. Limit superior = 3, limit inferior = — 3. 


CONVERGENCE OF SEQUENCES 


2.9. Convergent Sequence 
(В U 1972, °77, 78; PU "16) 
A sequence {un} is said to be convergent to the limit / iff 
Un > 1 as п > со. 
Analytically, the sequence {un} is said to be convergent to 
the limit / iff given arbitrary number e > 0 there exists a 
positive integer m such that 


[аа = 1| < є whenever n > т 
i.e. l— e < un «l--e whenevern > m. 
Example. Let us consider the sequence 

ШИ БШ en Чол 

2 AG Tu EDR 

2n – 1 1 1 
un — 1| = = |р 

Ир ВЕ А 2n| ^ 2n 
If e bean arbitrarily small positive number, then 


Jun = 1| < е, when n> 1. 
2e 
(Here m — 1/2e or more strictly m is an integer which is 
just greater than 1/2є.) 


— P —  á—À I 
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Hence the sequence {un} is convergent and converges to the 
limit 1. 


As already explained in case of a limit, the physical 
implication of saying, the sequence {tn} is convergent to / is to 
mean that all the terms of the sequence gather round / in very 
close vicinity except perhaps a finite number of them. 


2.10. Divergent Sequence (B U 1972, 77, 78; P U *76) 


If, corresponding to any positive number A that we may 
choose, no matter how great, there is a positive integer N, such 
that u, > A, for all n > N, then us is said to tend to infinity 
as n tends to infinity, and we write 

Un > со Or lim un = oo. 


If, corresponding to an arbitrarily large negative number 
— A, we can find out a positive integer N such that for every 
п> N, un < — A, then Un is said to tend to — oo as n > oo. 


If un > co ог — оо, then the sequence {un} is said to be 
divergent. 
Examples. (i) Let us consider the sequence 
É 2, 3,14, de gilts 6 
Let A be an arbitrarily large positive number, then 
ug > A, when n> A +1. 
Thus и» -> + oo as n + oo. 
Hence the sequence {un} is divergent and diverges to the 
limit + оо. 
(ii) Let us consider the sequence {иһ}, 


ie., т Ел T ее 


If — A bean arbitrarily large negative number, 
un < — A when n > AF + 1. 
Hence up > — co as n > oo. 


Therefore the sequence {un} is divergent and diverges to the 
limit — oo. 


32 DEGREE LEVEL REAL ANALYSIS 


2.11. Oscillating Sequence 


If un neither tends to a finite limit, nor to + оо, nor to 
— co, it is said to oscillate and the sequence {up} is said 
oscillatory. 

If un oscillates and a positive number A can be found such 
that, for every positive integer n, | un | < A then wp is said to 
oscillate finitely. 

Otherwise, ил oscillates infinitely. 

Examples. (i) Let us consider the sequence (ug), 


; SNES RNS DES +) 
ie, —25,- 35, See 1) (1+1 lads 
When п is even, 
e T а 0 
lm tj = |121 il- чк 
If e be an arbitrarily small positive number, then 
| un — 1| € e when n >, 
€ 
Therefore us > 1 as n > oo. 
Again, when л is odd, 
|а Au NE 
п п п 


Гог an arbitrarily small positive number є, 


| a —(—1)| «e, when п> 1, 


Therefore u, > — 1 as л-—> co. 

Thus we find that the sequence {un} does not tend to a 
definite limit as п + оо. Also | ил | < 3 for all values of n. 

Hence {un} oscillates finitely. 

(ii) Let us consider the sequence {un} = {(— nj, 

i.e., 2. Bh Ars (= Tv. 

Let n be even. 

If A be an arbitrarily large positive number, 


Us > A, When n > A. 
Thus ил > оо as п — оо. 


* 
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Let n be odd. ` 

Then Un > © as п > о. 

Again | u, | is not less than a fixed positive number for all 
values of n. 

Hence the sequence {un} oscillates infinitely. 


2.12. Cauchy's General Principle of Convergence of a 

Sequence (Р U 1976; Bh U °76; M U °85: 

В. U. °85; Mith. U. '85) 

Theorem 2.3. The necessary and sufficient condition for the 

convergence of the sequence {an} is that corresponding to an 

arbitrary positive number є, however small, there exists a positive 

integer v such that | an+p — an | < 6 for all values of n 2 v 
and for all positive integral values of p. 

Proof. (i) Necessary Condition. 


Let the sequence (a5) be convergent. 
Then it must tend to a finite limit, say 7. 


Hence given a positive number e, however small, there 
exists a positive integer v such that 


[ш ll Be (1), 
for all n > v. 
Then it follows that 
Гаа —1| > 3 oer (2); 


when л > v and p is any positive integer. 
NOW nip — Qn = апр — | — а +1 
= (an+p — 1) — (an — 1). 
| n+p — an | = | Gn» — 1)—(аһ — 1) | 


«|a - 1| + | وه‎ - 1| > 4-5 


when n > v and p is any + ve integer. 
Hence | anıp — an | < e, when n > v and p is any positive 
integer. 
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(ii) Sufficient Condition. 

Let | dnip — an | < e, when n >v and p is any positive 
integer. 

Le. аһ — € < Anp «dg + e, When п> v and p is any 
positive integer. 

Thus the sequence (25,5); p—1, 2, 3, .... is bounded. 

If the greatest lower and the least upper bounds of it be m 
and M respectively, then m > ag — є and M < an + є. 

^ M—m < (an+ €) — (ân — e) = 2e. 
Since e is an arbitrarily positive number, however small, 


we get M—m=0, ie, М = т. 
7. М—є < аһр< М + є, 

ie., [аар — M | «€ 

1.е., nip > M as р > оо. 


Hence the sequence (25,5) and consequently the sequence 
{аһ} converges to M. 


2.13. Cauchy Sequence 


A sequence {an} is called a Cauchy sequence (or fundamental 
Sequence) if given e > O there exists a positive integer v such 
that n, m > v= | as — am| < є. 


Theorem 24. Every Cauchy sequence in R is a convergent 
Sequence. 

Proof. Let {аһ} be a Cauchy sequence of real numbers. So 
given e > 0 there exists ye N. n,m > Y= | an — am | < e. 

Taking m = п + p we get 

п > у= |an — anp| <є ie | ар-а | « e 

Hence by Cauchy’s general principle of convergente, {an} is 

convergent. 


Theorem 2.5. Every convergent sequence in R is a Cauchy 
Sequence. 


Proof. Let {an} be a 1eal sequénce convergent to Г є А. 
Then given є > 0 there exists u e N such that 


п 2р |а„— [| < є/2, 
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So, ifm >u > | ag — 1| < 5 


л |ав— ав | = | (аа ~1) – (an - D) | 


< | аъ = 11+ [аљ – ! | < ihes 
no e > 0 there exists n, m > p > | a, — am | < e. 


Hence, by definition, {an} is a Cauchy sequence. 


F3. 


Theorem 2.6. Every Cauchy sequence in R is bounded. 


Proof. Let {ay} be a Cauchy sequence. 
We have to prove that it is bounded, 
By definition of Cauchy sequence, ‘given e > 0 there exists 
yeN. п,т>»у= | an – аљ | < є. 
Giving a particular value ķ for m greater than v, 
| ap — ag | < efor n > v. 


SS ар = є < an < ag-- efor n > v. 
Let ^ = max. {а1, ds, аз,...., y-1, Ak + €) 
и = min. {ау, d», аз... +, 25-1, 46 — €) 
Then p < an < А for all n eN. 
So {аһ} is bounded. Thus every Cauchy sequence in R is 


bounded. 
2.14. Some Properties of Convergent Sequences 


Theorem 2.7. A convergent sequence determines its limit 
uniquely. 

Proof. If possible, let the convergent sequence { a, } has two 
distinct limits / and /’. 

Since {an} is convergent, therefore, by definition, there exists , 
a positive integer m depending upon e, an arbitrary positive 
number, however small, such that 

| an—1| < «/2, for all values of n > 
and |а„—1'| < «/2, for all values ofn >т. 
Now | - I! = aq — l' — ân +1 = (an — Г) — (аһ — D. 


m 
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11-1 | = | (а - 1) – (а = 0) | 
< [а = | | an — 11 <5+5=* 


ie, |1— |< e for all values of n > т. 

But є is an arbitrary positive number, however small. So 
ultimately I = 1. 

Hence the limit is unique. 

Theorem 2.8. Every convergent sequence is bounded. 

(Р U 1968, '69 H; R U '66 H; MU '68 H, ^80 H; Mith U 82, 285) 

Proof. Let {an} be a convergent sequence. So a, must 
tend to a definite limit / as n > oo. 

Then, by definition, there exists a positive integer m depen- 
ding upon an arbitrary positive number e, however small, 


such that 
| an — 1| <e, forall values of >т; 


re. l- є< аһ «l-- e, forall n 2 m. "T (1) 
Now take the elements ау, аз, @;,....@,-,; Which are finite in 
number. 


Suppose G and g are the greatest and the least elements 
among them. 
Let M = greatest of G and / -+ j 2) 
and т = least of g and | ~ ef. М 
From (1) aud (2), we obtain 
m < аһ « M for all values of л. 
Hence, by the definition of bounds, the sequence (a5) is 
bounded. 
[Note. The converse need not be true i.e., there are bounded 
sequences which are not convergent. For example— 
If un = (— 1)”, the sequence ( ty ) is bounded for 
иһ = —1 or lI ¥neN. 
But { и, } has no limit and so it is not convergent.] 


2.15. Convergence of Monotone Sequences 


Theorem 29. Every monotonic increasing sequence tends 10 
its least upper bound. (Bh U 1969 H; M U '63 H, '67 H, 
'75 H; B U '55 Н, '59 H, '61 H,'70, 75; P U ’66, 70) 
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Proof. Let {an} be a monotonic increasing sequence whose 
least upper bound is M. 
Then, by the definition of upper bound, 
аһ « M, for ail values of n, 3s (1) 
and а, + є> M, for at least one value of л. 


Let this be true for n — m. 


Thea am + € > М; ie, am > М — €. E- (2) 
Since the sequence is monotonic increasing, therefore 
аһ > Am, When n >т. BE (3) 


From (2) and (3), an > M — e, forall n > т. 
Again from (1), aa < M, for all n. 
So, an < M + є, for all z and hence also for n > m. 


Combining these results, we obtain 
М — e< an < М +e, for nz m. 
| an— М | < є, forn > m. 
Hence { a, } tends to M. 
Hence the theorem. 
Theorem 2.10. Every monotonic increasing sequence, which is 
not bounded above, diverges to +. 
Proof Let {an} be a monotonic increasing sequence which 
is not bounded above. 
This means that, given any number A 
ds > A, 
for at least one value of n, say n = m, SO that ag > A. 
Since {an} is monotonic increasing, we must have, for all 


value of n > m, dz > ањ. 
aa > A for all values of n > m. 


In other words a; > co as n > со. 

Theorem 2.11. Every monotonic decreasings equence tends to its 
greatest lower bound. (P U 1966; Bh U ’72 H) 

Proof. Let {an} be a monotonic decreasing sequence whose 
greatest lower bound is K. 


Then, by the definition of lower bound, 
a, > K, for all values of n, EO 
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and an < K + e, for at least one value of п. 
Let it be true for n — m. 
Then 


am € К+ є. i. (2) 
Since {аһ} is a monotonic decreasing sequence, therefore 
ап < Gm, for n > т. AD (3) 


From (2) and (3), a, < K+ e, for n 2 m. 

Again, from (1), а > К — e for all n and so for n > m. 

Combining these results, we obtain 
K—e«<a,<K-+<«, for n >m; 

ie., |a, — K| < e for n > m. 

Hence {an} tends to the greatest lower bound К. 


Theorem 2.12. Every monotonic decreasing 


sequence not 
bounded below, diverges to — co. 


Proof Let {an} be a monotonic decreasing sequence not 
bounded below. So given any negative number — A, 


аһ < — Л for at least one value of n. 
Let am < — A. 
| AS {dn} is m.d. we get аһ < ag for all n > т. 


an € am < — A for all n > m. 
This means a, > —oo as n > co. 


2.16. Necessary and Sufficient Condition for Mono- 
tone Sequences to be Convergent 


Theorem 2.13. The necessary and sufficient condition forxa 
monotone sequence to be convergent is that it is bounded. 


Proof. Let {u,} be a monotonic sequence which is 
convergent. 


As in theorem 2.8, we can prove (u,) is bounded. 
-. Boundedness is a necessary condition. 
Next let {un} be a bounded monotonic sequence. 


For definiteness let {un} be monotonic increasing whose 
least upper bound is M. 


As in theorem 2.9, we can prove that {un} converges to M. 
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If {иһ} be monotonic decreasing whose greatest lower bound 
is m, then by theorem 2.11 we can prove that (us) converges 
to m. 

The necessary and sufficient condition for a monotonic 
sequence to be convergent is that it is bounded. 


2.17. Combination Theorems on Limit 
Theorem 2.14. Jf lim us = l and lim vn = 7 then | 
в—ю ROD 
lim (us + va) = 1 4- l'. (M U 1968 H) 
п -» со 
Proof. Since иһ ->l and Yp > /' as n +> оо, therefore given 


e > 0, however small, there exist two positive integers m, and 
та such that 


[un —1] < ze for all n > m, A wl 
and |» —^Г' | <=, forallm Sms... (02) 


Let т be a positive integer greater than т, and me Then 
the inequalities (1) and (2) both hold when n > m. 

Since | (un + vn) — (1+ 7) | = | (иһ — D) + (vn —Г) | 
«|u-l|4|v-—1| 

€ €) 
<3 +9 = мел > т. 
Hence (us -+ Ya) >1-+F as n> co. 
Note. Similarly we can prove that (uy — vn) >} — l' when 

Un >l and v, > l'. 


Theorem 2.15. Jf lim un = I and lim Yq = Г, then 
no п-» о 
lim (us Yn) = II’. (R U 1970 H) 
no 


Proof. AS и->Ї, ул->1' we get {un} and {ул} are convergent and 
bounded sequence. 
60 [Ча] <k, | vn | <k’. 
Now | иһә 0 | = | un(vn—1)+ (un —1) | 
< | un(va — D) | + | TnI) | 
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| unvan — ll^ | x | Un | | Уп—1' | Hn (r | | иһ—1 | 


Kk | va-l [+10 | lnl]. zm ub 
As unl, unl’ by definition we get, given e 0, 
| иһ—1|< 2 for all n>m 


1-Е [Т] 
[›„—Ї'| < p for all n>m’. 


Both these hold for п>у= max (m, m 
From (1), 


e[2 


Д є ^ 
| муп — IU | stt | TEITT 


for alln>y 
€ € 
520055 


7. Unvn>ll i.e. lim (илр) = 1". 
Tn 


Cor. If иһ > 1, then (Кил) — kl, where k is a constant. 


Theorem 2.16. If lim us = l, lim LEETS provided 1 + 0. 
no Uy 1 
Proof. Let un = l+ a, where а +0 as n > co. 
Now КЫ ы". а 
FOL Lupe ЧУ КГ а) 
ib CER oil. 
и» l i + a) 
= ea a pa o as 
WEST IIE 


where 0< 2 < |/+a]. 
For an arbitrarily small positive number e, we may choose 
a positive integer m such that 
lal < |7| Lewhenn >т (55 а->0 as n oo) 
1 


п 


Thus 


< e, When n > m 
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Непсе DEA. as n> со. 
Un 1 
Theorem 2.17. Jf lim un = l and lim va = Г, then 
n> n-o 


lim E = 75 provided Г #0. 


Я 
сора 


(М U 1971 Н) 
Proof. From the last two theorems, we can easily prove that 
Yn = get э, ЛЕ when /’ = 0. 
Yn Vn 1 
Theorem 2.18. (Cauchy's First Theorem on Limits) 
(M U 1980 H) 
If lim ay = l, when п > co, then 
lim а + da + ag +... -+ аһ 2 
n +o n j 


Proof. Let аһ = l + en, 50 that en > 0 as an >l. 


Since the sequence {ap} + /, therefore the sequence 
{en} > 0. 


а + ds + da tees а 


Now, = 


z (It €) +01 6) + а) t... -+(+ en) 
n 


moni Meets. <i a Pale en 
n n 


T+ et ea €s b... en 
n 


Thus we have to prove that 
Las — +0 as en +0. 
Since {en} is convergent, it is bounded and there exists a 
fixed positive number k such that 
| ex | < k, for all n. аъ (1). 
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Since {en} converges to zero, therefore for a given positive 
number e, however small, there exists a positive integer m 


such that | є. | < 5 for all n > т. sm (2) 


€1 + є + єз--.-..--є» 
п 


Thus we have 


єз teat єз teen eh emt emir + Ema tee t En 
n 


< e 8a em] 
n 


ae €m + Emig tee eet | 


n 


< mk ynom | £, by virtue of (1) and (2) 


n nto 
JN E 
Siena 
Keeping m fixed, we find that 
mk < ifn> 2mk 
n 2 € 
Let u be any integer > mt so that for n > » we have 
mk € 
um СҮЛ, 


Let à be a positive integer greater than both m and u; then 
є + € + egt...-ten Le ip 


n lh 2м: 2 
for every nz p 
Н € € Egt... 
lim еее 0 as n> o. 


+ ds + ag+.... 
Hence ee db dna] as n co. 


a) 
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Note. The converse of this theorem is not necessarily true. 
Let аһ = (— 1)”. Then the sequence 
{= 90419 — do КЕ 
which is not convergent since a, is — 1 or 0 according asn is 
odd or even and consequetly has no limit. But 
ау} ag b... = 1 +1—14...-4+(- 1)” 
n n 


= ——or0 


according as п is odd or even and hence this +> 0. 
Note. Cauchy's Second Tbeorem on Limits. 


Statement. If {ap} be a sequence of positive terms, then 


X : 
lim (ag) * = lim = 
п о тп» со an 


provided lim аъ exists, whether finite or infinite. 
n+o Яд 


2.18*. Subsequence 


Let {аһ} be a sequence. Then the sequence {ап }, where 
{ny} is a strictly monotonic sequence of natural numbers, is 
called a subsequence of the sequence {an}. 

Example. (i) {азл} is a subsequence of the sequence (as) 
because {2л} is strictly monotonic sequence of natural numbers. 

(ii) The sequence 1, $, i, #,....is a. subsequence of the 
sequence 1, 1, $, 1, b. 

Theorem 2.19. Every subsequence of a convergent sequence is 
convergent to the same limit. 

Proof. Let the sequence {aa} converges to the limit /. By 
definition, 

e > 0 there exists meN. n > т = | аа — l| < є... (1) 

Let {an } be a subsequence of the sequence {ag}. 

r 


We have to prove that ап, las г» оо. 


Now if r> т, n >F > т. 
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So by (1). Га = 11 < є. 
Thus є > 0 there exists meN . n, > т = | an, — 11 < є 
ар >l аѕ т >o. 
r 


{аһ } is convergent to the same limit /. 
rÓ 


Theorem 2.20. Every bounded sequence of real numbers has a 
convergent subsequence. 


Proof. Let (a4) be a bounded sequence of real numbers. 
Now we construct a subsequence {an } of the sequence {an} 


in the following manner— 
If every set (a | n > m, m e N} has a maximum, take 


an, = MAX dm 
n>1 


Gn, = шах An 
non 


Qn. = тах а, and so оп. 
8 
п> т 


Now consider the sequence (as }. Clearly 
» 
m < Mg < 1g <... 
Also ап, > dn, > In, .... by construction. 
Thus {аһ } is a monotonic decreasing subsequence of the 
r 
sequence {an}. 


If at least one of the sets {an | n > т, meN}, does not 
have a maximum, then let for some m, {an | n > mj) does not 
have a maximum. 


s. If А> m, we can find an a, coming after a; such that 
an > ау, for otherwise the greatest among am ‚э dm seee йу 
171 


would be the maximum element of {an | n > A}. 
Let an, = Um 
an, = the first term after ап, for which dp, > Gn, 


an, = the first term after an, for which as, > an, 


and so on. 
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Clearly т; < ng € "ng <. and ds, < Gn, < an, = 
So {аһ } is a monotonic increasing subsequence of {an}. 
Я 
Thus in all cases we can have a monotonic subsequence {an } | 
т 


of the bounded sequence {ал}. 
Hence (a; ) will be a bounded monotonic sequence and 
т 


consequently will be convergent (by theorem 2.13). 


WORKED OUT EXAMPLES 


1. If un = a As show that lim u, = 2, by definition of 
E 5 n+ 


3n 
limit. 
5 
(af un = oe dr ат at fir а fra at fu 


lim un = $.) 
no 
Solution. By definition, 3 will be the limit of tn provided 
for a given є > 0, we are able to find a positive integer m such 
that for all n > m, we have | un — 1 <€ 


ie. if EE. i <e 

ie, if ss € 

Le, if Tm 

iC. simi, 9n +15 > = | 
pes if п> 2-5 


Taking т equal to a positive integer greater than a = 5, 
€ 


we see that | uy — $| < € is satisfied for all n 2 m. 


Hence lim uy = 8. 
noc 
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2. Show, with the help of Cauchy's general principle of 
convergence, that the sequence f where 
egal de s 1 
f (n) =1 + ST EE 
is not convergent. 


(sf à aian B ama fasted’ d faz әң f agma / анат 
= 1 1 1 
at эй /(л) = 1 eet) 


Solution. Let us suppose that the sequence converges; then 
there exists a positive integer т such that for every n > т and 
for every p > 0, we have | f(r + p) — f(n) | < e, where e is 
an arbitrarily small quantity, 


ie, |f(n+ р) —f(n) | 


Си 1 1 
-|h + NET se; у. (Пу 
In particular, when п = m and р = m, we find that 
1 1 1 
WT Wee POR I 
mel 1 1 
ule) Petre 
1 1 1 
> ee 
m +m mami" mcm 
emis] 
2°; 2" 


Now є is at out choice and can be taken as small as we 
please. 


Let e<}. 
Thus we have a contradiction. 


Hence the sequence cannot 
converge. 


3. Prove that the sequence {un} converges to a limit lying 


n 
between 2 and 3, where un -(1+ 1) T 
n 


(P U 1966, *68, °76, '85; BU 774) 


nme  — 
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[fuz at Тв ачжн {ил}, 2 ae 3 $ е fem wm «нт at sv 
© 
funt # эб =(1+4) | 
1 п 
Proof. Here и, = (1 + 1) я 


Using Binomial Theorem, we have 


Ps 1 READ LI ,5ncl1n-c2)1 
n ан BRS ae get EGS a im 


pq Am—10—2....01 1. 


Ln n" 
eee Digo ED 
+ (1 - i -2).. = t=!) 


Obviously, иһ > 2 


1 Tu [xl 
and н ЕШ eese pst Зри 
1 ie wi pel 
<ltltyptoe tot: T пт, 
l 
iegc dn Sole ee ote ыжын 
, Э, EEFE 2n 


Un < 3, for all n. 
As n increases, the number of terms in и, increases. 
Also each factor in each term (except the first two terms) 
{ p 112 
increases as л increases, for m n . decrease as л increases. 
иһ goes on increasing as л increases. 
So {un} is a monotonic increasing sequence bounded above 
by 3 and is therefore convergent. 
Note. Since 2 < u, < 3, for all л, therefore 


2 < lim uj < 3, 
nwo 


showing that the limit of uj lies between 2 and 3. 
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n 


Thus if lim ( +4) =e, then 2 < e < 3. 
no n 


48 
4. Prove that the sequence {an} defined by the relation 
1 


po dog UL 
PIE] 


fom erp ie 


ў convergent. 
(faa at fm апач 
oj ESI ; 
аң =] ME TE 


ant afat ачан {ал} aar È 0) 
ee Mi de 

Proof. Here a, = 1 + pr ai 

ањ = 1 + 


> 0, for all п. 


and 
аан Пат ү 
Dn n+l n Ln 
Thus the sequence {an} is monotonically increasing. 
Clearly Ln = (1.2.3....n) > 27, whenever n > 1 


and n— 1 > 27, whenever n > 2 
1 ] 
ЖЕ ner 


an < 3, whenever n > 2 
Lewsey Sen tak 


1 
Also, a = 1+— =14+ 
ү Lo 3 D 
4 ар < 3 for all n. 
Since a, > 0, for all n, therefore, 0 < ay < 3, for all n 


Thus the sequence {a,} is bounded. 
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Since the sequence {a,} is bounded and monotonically 
increasing, therefore it must be convergent. 
Note. Similarly we can prove that the sequence fas), where 
1 1 
а» =н ыт: 
n L1 2 
is convergent. 


5. If a, = 1352D, show that the sequence {an} is 


monotonic and hence deduce its limit. (P U 1970) 
35.0 ` 
Gian = MM ‚ ar fuz ax бв арын {an} EE 
$ айс fux gaat atm {чата 1) 
1.3.5....(2n — 1)(2n + 1) у 
2.4.6. ...2n(2n + 2) 


апы _ 1.3.5....(2n — Dn + D) 
ап —24.6....2n(2n 2) 


Solution. anc = 


2.4.6....2n 
X [35....Qn - D. 


- ALS los Gu < On YXneN. 
{ay} is a monotonic decreasing sequence. 
As а> 0м пем. 
{ал} is bounded below. Hence {ap} is convergent. 
` 1 2 "8 4 a Sh ы Er 
Again Sp д Sat we UT 
SCENE „лы 2n 
"t Eo ANGLO З Sy 204-1 
ИВИ (ОПЕЕ) 2.4.6....2n: 
Ox Os SAU 7 ЗОЛИ 
1 


n+l 
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1 
2n +1 ae 
iti = Sas ‘or 
6. If S, and S, are positive and Sny; = $ (Sp + Sn-x), 
n>2, 2s that the sequences {Son+;} апа {Sən} are both 
monotone, one increasing and the other decreasing. Further, 
prove that both the sequences converge to the same limit and find 
the limit. ч 
[ufa S, «\ 5 water @ ud $54 = 2 (5 + Spr) vafis n22 
qr faa at fa азая (Sans) eM {Son} FAT wmf&z W fra ца ача 
qa wm тетя! [єє fuz at fe ail адан um et «ята sic 
ferr Y ча wu «нт at (чата 1] 
(М U 1965 H, ’75 H; Bh U ’68 H; R U 67H; 
) В U ’54 H, ’67 H; PU'62 H) 


. Hence lim ap = 0. 
But —0 as n = oo „ш о» 


Solution. We have 5,4; = YS, + Sy). 

Putting n = 2, we get Sa = 4(S, + S). 

Hence 53 is the arithmetic mean between S, and S. 

CASEI. Let Si > Sa 

Then $1» Sa > S, Mis (1) 
Again putting n = 3, we get S, = 4(S, +. So). 

Hence S, is the A.M. between Sa and Sy: 


5з > S, > 53, as, from (1), S, > Ss: 3 (2) 
From (1) and (2), we find that 
$2525,» Sa. we (3) 


Putting n = 4, we get 5; = YS, + S3). 

S; is the A.M. between S, and Sy. 

$, > S5 > Sa, as, from (2), S, > St PS (4) 
From (3) and (4), we get 

Si > $з > S5 > Si > S, 
Repeating this process, we get 
Si >S;>S;>S,> «+. > Sp > б, > Sy. 

CASE П. If S, < S, then Si < Sa < S, just like Case I. 
Also, 5; < 6, < S, < S, like Case I. 
Again Sı < S; < S; < S, < S» like Case I. 


DO DET E XN 


hr 
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In both the cases the sequences {53:1} and {Syn} are 
monotone, one increasing and the other decreasing. 
Both are bounded by S,, $ and hence they must be con- 
vergent. 
Let lim Sony = l 
n= со 
= lim Senı = J, and let im Seni m. 


Bose 
Now — Smau = }(San + Su) 
=> lim Ss = 1( lim Son + lim $54) 
n= со no n= 


> l=}4(m+ 1 
> 2-2m-l = demi 
Hence toth the sequences tend to the same limit. 
2San+ı = San + $зп-1› 
2S5 = 5-1 + San-e 
2Sen-1 = Sen-a + Sen-3 


2Santi + Son = San + Ssn-1 + Son 

2Seon + Sen-1 

== Son- ic Son-2 + + Son- 1 
= 2Son— 1 dr Sa 

= Son-2 + Song + Son- 

= 2Son—2 + oes 


25,4 + is 
2 lim 5,51 + lim Son = 25, + S, 
п» со no 
PENE 5, 
= 3I = 2S, + S. 
Hence l= }(2S,-+ 51). 
This is the required limit. 


Alternative Method. 


As Pam =4(S, + 531) we get Sai, — Sh = HSn- — Sn) 
for n > 
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| Sarı — Sn | =} | Sn — Sa | =} | 050-2 — 5л-1) | 


c | Sn-1 — $з— | 8 


1 
= 22 | TG дь; Sn-3) 


1 
= 3 | Sn-2 — $л-з | 


ЕТЕН | Sp — S, | forall n > 2. 


Now if n > m (i.e. n = m + p), [4 
| Sn — Sm | | 
= | (Sn — Sn-1)+(Sn-1 — $n-3)3-.-..-F(Smai — Sm) | 
< | Sn — Sna | + | Sra Sa-a | +....+ | Sati — Sm [Б 
{© la+b]<lal+lbl} 


1 
= jaa | 5-51 | + چو‎ 1.8. — S| +.... 


1 
*3»315:- Sl 


iJ 1 1 
“Gata tet e)is- s] 


2m 
1 

эп-1(1 = 27m) =| 
г xen DE 
= 1 2n-m К 
= oaa = 0) |S: — S| 
E 1 
(22 m) | ® — 5 | 
еВ |. 

PE EO) 4 


Given e > 0 1 
є we select v such that 2x3 I$,—-5,| «e 


pi 
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Then from (i) we get, for m > v, E |S,-S,| «e 


| Smip — Sm | < efor m > v. 

By general principle of convergence {Sn} is convergent. 
Now as in the first method, 25544 + Sp = 28, + S, 

Making n > оо, 2l + 1 = 28, + S, where Г = lim Sn. 


nao 


1 = 425, + Sy). 


7. If 51, Są are positive and Sys. = ~/Sni1 Sn; then prove that 
the sequence {Sn} is convergent and find its limit. 
(ufa 5, S2 WATERS WAN Snte = 541. Sn dY fuz ® f spem 
{sn} afana © ча saat «ят fera 1) 
(B U 1958 H;'60 H, '68 H; PU '53 H, 67 H; 
A Bh U '63 Н, '67 Н. °70 H) 
Solution. Let s, > Sə. 


Then, from the given relation, Spo = A/5g415n - 


We have, by putting n = 1, Sa = 4/555; . 
This shows that sg is the geometric mean between 5, and sz. 


S1 > Sg > 5, AS Sy > 52. de, ДЕЙ 
Again, when m = 2, $, = А9352; 7. Sas Sa Sa are in G. P. 
= Sq > S4 > 5, as, from (1), 53 > Se. т (2) 

From (1) and (2). we get 
Syi> Sy 2542155 009) 
Again, when л = 3,5; = 5453 ; .. Sg, Sg, S4 are in С.Р. 
=> Sy > 55 > 51,45, from (2), s > sy. Soc 5) 


From (3) and (4), we get s; > 5з > S5 > $4 > So. 
Repeating this process, we get 
5S) > Sg > Ss > S7 >....> Sg > $ > Sq > See 
From this we conclude that the sequence [s,44,) is mono- 
tonic decreasing, whose every term is greater than sz. 
Also the sequence {Sən} is monotonic increasing whose 
every term is less than sı. 
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Hence both the sequences are monotonic and bounded and 
therefore they are both convergent. 

Similarly, if 5, > sı, then we can prove that the sequence 
{Santi} is monotonic increasing whereas the sequence {syn} is 
monotonic decreasing and both of them are bounded and hence 
convergent. 


Let lim Sony; =l; then lim 544 = 1 
2-0 no 

and lim san = m. 
+o 


San = VSan.San-1 


=> lim Sen+ı = ‚/ lim san. lim San-1 
n> n+ "noo 


> l= „I.m 


> l=m, 
lim Senay = li =f 
?n4l IM Son = li = = 
IE SEM Sin QU. Sen-, AN 1. 


S. s 2 
ine = SenSen-i, San = Sony Узп—о, etc, 
وکوک‎ = Saa? Sen—1 


= San-1San-2 


= Seno" 2n. 


SE LIEU 
>  l-(shs)) This is the required limit. 


8. A sequence (as) is defined by ag, = МК Fan where 
k>0,a, > 0. 


Prove that the sequence (ag) is monotonic and converges to 
the positive root of the equation x? — x — k = 0. : 


(agam {an} te sen afer fra d— 
авы = ураз UP k>0, a, 0. 


ч 
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| faz «t fm agan {an} ofaa $ ud чє чет x — xk = 0 چ‎ 
ғ чача at айс afia # 1) (Bh U 1965 Н; Mith. 0. '85; 
| РО ’59 H, ’63 H, 71 HL'J4H; BU '62H; R U '62 H) 


Solution. We have аһы = Vk + аһ 


= @ny=k+an .. )1( 
Replacing п by n—1, an? = k + any 
is Gau — ад = k + an — k — dg 


= O34 ¬ dy = ап — аһ. 
Hence dns; > Or < d; 


» according as an > ог < ал-ал, 


that is, according as an-ı > Or < dg»; 

that is, according as a» > ог < a. 

Hence the sequence {а„) is monotonic increasing or 
decreasing according as a. > ог < ay. 

The given equation is x? — x — k = 0. 

The product of the roots of this equation is —k, which is 
negative, as from question k > 0. 

This shows that one root must be positive and the other 
negative. 

Let the roots be а and — В where a > 0 and p >0. 

x — x - ۸ = (х — а)(х + B) 

s. ay —a,— k —(a, — a)(a, +8) 

= ay ¬ (а + К) = (a, —a)(a, + B) 

= ay — аё = ) — a)(a, + В), 


"n 


putting n = 1 in (1). 
* The sequence {an} is monotonic increasing or decreasing 
according as a > or < ay; that is, а? > or < а}, 
that is, a? — a < or > 0, 
that is, (а, —@)(a, + B) < or >0, 
that is, а, < Or >a, aS a > 0 and p > 0. 


If it is monotonic increasing, 
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then anı > aq for all n 

anyi > da? 

k--as > as 

а — an —k <0 

(аһ — a)(an + В) < 0 

аһ < a for all n, since a; + В > 0. 


ee vd 


Hence in this case the sequence is bounded and hence 
convergent. 


Again if it is monotonic decreasing then ani, < ap for all n 
=> аһы < ат 

=> k+anr < ag? 

=> а“ї—а„—-К>0 

= (аһ — a)(an + B) > 0 

> dg >a. 


Hence the sequence is bounded below and therefore it must 
be convergent. 


Thus in both cases the limit exists. 


Let the limit be /, that is, let lim а, = /. 


"co 
Now а? = k + an 


> lim а =k + lim a, 
no n-o 


> Paki 
SRT 


Since / is positive, therefore {an} converges to the positive 
root of x? — x — К =0. 


9. If uy, v, are given positive unequal numbers апа 
ип = $(ип-1 + Vn), Уп = Уа туа, for n>2, prove that each 
of the sequences (uy) and {yy} tends to a limit, which is the same 
for both. 

(IR ш, v, Ra ETT edem et е и, = Yt. 


Ул = A Ug-i1Yn-i weno 23 at faz at fa 
S Tda чата ят а 1 sque ат 0) 


1 + Уп-1), 
IFAH {Un} eh [vs] Ñ 


(R U 1967 H; P U '51 H,'55 Н) 


30 


€t 
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Solution. We have из = 4(иа-1 + Ул); putting n = 2, we 
get из = 3(01 + v1). 

Therefore и» is the arithmetic mean between и, and v. 

Again, we have vs = уи; 

putting n = 2, we get v= ушу; . 

Therefore v, is the geometric mean between и, and у. 

But А.М. > G.M. 


из Y. 100) 
CASB I. Let U, > v. 
ОЧ Since и, is the A.M. between и, and v, therefore 
uy > Ug > V1. 10) 
Again у= ушу > уузу, because ш > v 
> Ve > Ур zn. @ 


From (1), (2) and (3), we get u, > tt» > Ya > vy 
Repeating this process, we get 
Uy > Ug >Ug >....> Уз > у>. 


Hence the sequence {u,} is monotonic decreasing and is 
bounded by 14, v, and therefore it must be convergent. 


Again the sequence {vn} is monotonic increasing and is 
bounded by 14, v, and therefore it must be convergent. 


casg П. Similarly, when и, < v, we can prove that both 
the sequences {un} and {vn} are convergent. 
Hence in both the cases they must tend to a limit. 


Let lim из =/= lim un-ı and lim Yq = m = lim vg. 
n-o n= n> "o 


Now иһ = иа) 
=> lim u, = ( lim иһ-у-- lim a) 
nm n=% 


) = 2l=lim 
> 1= т. 
Hence both the sequences tend to the same limit. 
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i. 
10. Show that lim n^ = 1. 
nc 


(Bh U 1966 Н; В U °58 Н, '62 Н; 
P О °52 Н, '63 Н, '70 Н) 


1 


Solution. Let uy = n^, nt® root being non-negative and 
real. 


n 


As in problem 3, we can prove that ( + 1) < 3 for all r. 


п 
5 (i) <3 <n ifnz3. 


n 
n>(1+4) ¥n>3 


or nts (Lin) ¥n>3 
aL IM 
or n" >(l +n) ens 3, 


Un > Uny ¥ n > 3, 
{un} is monotonic decreasing for n > 3, 
Also из = 3" and us > O¥ neN. 
m= 1, m= 2 > | and 33 > 2%, 
Thus 0 < up < 38 v ne N. 


{иһ} is bounded and monotonic decreasing. 
It is convergent to its greatest lower bound. 


al a 
By (D; us =n” > +n)" Syn > 3 


> 


Also ш = 1, и = 2 Sale 


(1) 


l is the greatest lower bound. So Un + ] as n — oo. 
à 


H n 
lim n^ =1, 
no 


Alternative Method. 


1 
Let un = n”, nth 


+ m root being taken non-negative and real. 


1 


As above by (1), и, = PLI 


E 
> (14 т) >1 forn > 3. 


e 


< 
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So we take uz = 1 + h, where h > 0. 
п = us = (1 +h)" 
=1 л + mS [T 
= n»in(n—1)? ie. one term of the above series of 
positive terms. 


2 
n—i 


-.0«h« | ХО 
n—i 


If e be any positive number, however small, then 


2 
nc 


ES‏ کک 


< e, When n > 1 TEA 
1 є? 


Hence if m be any integer greater than 1-+- 25 we find 
€ 
that, for n > т, 


—e«0«ch« 


xy te 


= lim h=0 
n-o 


lim (1 + A) =1 
п» 0 


y 


1 


а п 
> lima = 1. 
n= со 


11. Prove that 

А 1 1 1 1 

1 1+2 += + ا‎ = – = 
Ит (1+ + +-р+ Буя ign) =, 
where 0 < v < 1. 

Solution, Let 


1 
n—-i 


ш 1+ р + Û - logn. 
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1 
Then ила = 1 +44 Жр sep ueniens 


Un — Una = Li log n+ log (n — 1) 


х 


п 1 
M + log 5 


0 
=> Un < Ил-11. 
Hence the given sequence {un} is monotonic decreasing. 


ыл АК | гн. Де 
Again uy = lc 5+... Jue logn 


n-l 


4 ll su 
TUE 


=(1 — log 2) + (- log HG- log $) 
s zx -log —. ne 
n 


Since x > log x), ы lS log 2, 1 > log §, etc. 
Un > 0, for all n. 4% (1) 


Ша qu 


ДУ 
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Hence the given sequence {un} is bounded below. 
Tbus {иһ} must be convergent. 
. Hence it must tend to a limit. 


Let lim un = Y. 
nero 


Again uy = 1+ dtitti- log n 


1+4... 
lo 2 $e a) 
=+ ++... + log 5+ log 4 
+ log È+... log 1—1 


=1+ (2+ los )+( + 2) 


1 п 1 
tot log m) 


TI 


x + log (1 ¬ x) < 0, .. $+ 108(1—– 4) <0, etc. 
иһ <1, for all n. js (2) 
From (1) and (2), we get 
0 < un < 1 
> 0 < limm <1 
n-o 


> 0«v«l. 
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12. Evaluate (ята fasta) : 


[OOO] 


Solution. Let the given limit be denoted by y. 


2 E] 
Then у = lim |(1 «(1 +5) (1+2) 
noo 2 3 
nya 
x (+1) | ш 
п 
= logy =lim 1 res at 210x(1+4) 
n-o Hn 2 


+17) (2). 


Let un = n log (1+1) 


EIS 


m SA olg d s 
= (2. Ont 3$ ) 
co Al IE ts. 
"i 2л Өл? 
=> limu=1. 
п со 


Нелсе, by Cauchy's first theorem on limit, we have 


lim Uy + Ma + Ugo... un Ši 
n= o n x 


Hence log y = 1 =loge 
> == е, 


Hence the given limit = e. 


Problem-Set 2 


2 
INI = As › find m such that 


uid 


2 


<e, for all n >т. 


p 
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2. Show that the sequence {un} where up at sin F is 


convergent. (P U 1966) 
1 1 1 1 
сау еб e qe EM ыкы ш amet 
Hd m E) 1 n-2 ' n3 j RES Dr BALE 


È < u, < 1 and that и, tends to a limit as n > со. 
(P U 1955 Н, °75, '78; M. U. '85; В. U.'85; Mith. U. '85) 
4. Find the limit of the sequence {аһ} where 


a= ل‎ (P U 1980) 
5. Show that the sequence (a5) is not convergent when 


EO ipteerl. (P U 1979) 


6. Show that the sequence 


io bo o Bots... 
is convergent and find its limit. (B U 1972) 


"BD GU RES DM Qul ) 


» then show that the sequence 

{un} is monotonic and hence deduce its limits. f (P U 1967) 
8. (i) ТЇ anı = 4/1 F a, and а, > 0, prove that the 

Sequence (a5) tends to a limit and find the limit. (P U 1954 H) 
(ii) Show that the sequence {ap} defined by 


аһ —4/3-- an-ı and a, = 1 


tends to a definite and finite limit. (P U 1965 H) 
(iii) Prove that the sequence 


Vh VTE УЛ, VI+ VTE V... 


converges to the positive root of x*—x—7 = 0, 
(P U 1961; B U 53 H) 
(iv) Show that the sequence 


м, VE VI, 2 + VE у,.... 


converges to 2, (R U 1968 H) 
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9. (i) If a. > a and an? = 2an then show that 
аһ > 2 as n > о. (Р О 1976) 
(ii) Prove that (ће sequence 


V2, Q2), /(24/(24/2)),. ... converges to 2. 


5 (P. U. 1985) 
10. 1f 025, < s, and.s, = ——aciuce 
5п-1 + Sn-2 
(i.e. Sy is the harmonic mean between 55. and Sn-2), 
3545» 
show that Sn OT (P U 1957 H) 
11. If a, and b, are positive and 
акы = 5 (an + bn), Onin = Zaha, forn > 1 


then prove that {an} and {b,} are monotonic sequence which 
converge to the same limit 4/4, bı. 


1 
12. Prove that lim um sal 
E 


© е` 


13. If an = where a, > 0 ¥ ne N, show that 


k 
1 + an-ı 
the sequence {an} tends to a definite limit / which is the positive 
root of the equation x? -+ x = k. 

14. If a, > a and bn + b show that 


ba + as bna +... 
@ Un -i- ds mt kan bı _, cb. 


15. If {un} be a sequence of positive terms defined by 
3 + 2an 
2 + ds 
then show that the sequence converges to a limit indepe 

ndent 
of k and find its limit. : 


а, = k > 0, aay = forn >1 


16. If {a,} be a sequence such that lim ^? =/ then 
тп» оо ay 


prove that 
) {an} diverges to + oo if I > 1; 
(ii) {an} converges to O if | 7 | < 1. 
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17. Show that 

л 1 1 1 1 

lim + БР EES 

mo |Т vm-2 +3 vn +n 
=1. 


(Hindi Version) 


з | 2 
Hat а at ча т ga at mfa нел >m è fuu 


1. а и = mF 


lun- į | < є 


2. fag ex fs аг {ил} afar # wet us 1. sin 7. 
S fpa gm ty T шт EE 
x кс FEEDERS dass OD 
frd < un < 1 иь чв нт ай ай nae чт ¢ чаб л > оо. 
4. agar {an} ай Fr Ёчата ч 
а = 4 


5. faa at (в agma {an} айныт! at ¢ wef 
s IAM 1 
а =1+ peel. 


1 1 
tat ue 


6. faa mi fe agar 
ARNS SAT 

aian è ate gaat «Тат fora | 

7. айп e Sir gD, бач fa oran {ш} «абаа È 
el fist gaat efter fasta i 

8. (i) afk апы = VI+ an SM а, > 0, dt fuz at f аян 
{аһ} «s erar at ate Tau eror © чя чє ат Ёната | 

(ii) faaara fa agan {ал} wm чч са Ria att at ate 
aga Фат È яар agan ga sane Rf @— 

Qn=V54+4n4 Ф а = 1. 
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Gii) faa at f agma : 
М1, VIF УТ, М1 + NT NT, oe 
ажо х2—х—7=0 8 waa at ae ане 8 | 
(iv) faa at fe agan 
ЖОЛМО OAV АА DESAI Dos oe 
2 at ate амата È | 
9. (i) af& а > ау BT аһ? = 22,4 dt kaani fis 
аһ > 2 за n> co. 
(1) faa at fu аран 
V2, Q2, у{24(2у2)),.... 
2. ай ate afas % | 


10. afk 0<S, < S, div S, = 292-1 5-2 (gata Sy, Spa ot 
81-1 + Sn-2 


Sn- ®Т тена ATED d) ЧЇ feat f Sn 29192 
2S; + S. 
11. afe a, ote b, TERE gt айс 


1 
апы = E (an + bn), bni = n Da чап > 1 
n^ n 


pone {an} dt {bn} чабр agar Ж at Star Vab x ak 


i 


12. fe fg lim (D L, 
[EI n e 


13. aff an= 


Taras я dn > 0 ¥neN, fax qx fs 


ачан {ал} wm gika «ат | at ae vgs ет # эй зш 
x + x = KT TF gts 


14. afè an > a dt b, > b dt fuz ox fe 


a,b. bnew 
ln tebe beet diy gp, 


— P 


t 
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15. qf (us) ча ч ат ацан Cb SI үч sure RYT $ fs 


a=k < 0, аы = m SU n1sg fu av fe 


FFER, E 8 qui qs dist si eic sq erar ê ех ae Stat fee | 
16. af agar {an} ® far lim E = lg не fs 
со л 


(i) {аһ}, + co ай айс ачат È зав] > 1; 
(ii) {an}, Oat ac afretê È чаре | 7| «1. 
17. fea ai fa 


1 1 1 1 
i ا‎ es 
Jim | /n* +1 29 /nà +2 /n? 3- 3 zl 
= 1. 


— 


CHAPTER CONVERGENCE 
3 OF SERIES 


3.1. Definitions 


Series. Àn expression of the form 


Uy -+ Ue + из-+-....--Ил--...., 
in which the successive terms are terms of a sequence {un} is 
called a series; if the series terminates at some assigned term i.e. 
it contains first few terms of a sequence, it is called a finite 
series; if the number of terms of the series is unlimited, it is 
called an infinite series. (B U 1962 H, ’64 H; R U '62 H) 


If the terms of a series are all non-negative i.e. x, > 0 then 
the sereis is a series of positive terms. In general, terms of a 
series may be positive or negative or zero. 


Examples. The series 1+2+3-+4+....17 
and It rt... 
are finite series, while the series 


bn o 1 
urs dE 56-00 о 
d тала 1. 
an Ta tata СЕ H.. to co. 
are infinite series. 


In this chapter only infinite series will be dealt with. 
In short, the infinite series will be written as series. 


The series tı- Uy 4- ug --....-Е Un --..1о оо is denoted 
e 

by > un ог by Xu, and the sum of its first n terms by Sn. 
del 


So Sn=Uy + Ua + Ug +....-+ ил. 


AS Un is a function of x, a series is also denoted as у jf (n). 
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3.2. Sequence of Partial Sums of a Series; 
Convergence of Series 


Let i + us --....-- u, 4-.... bean infinite series. If S, 


1 


denotes the sum of the firstz terms of this Series, so that 
Sn = uy + Ug +....+ Un, then the sequence {S,} is called the 
sequence of partial sums of the given series. 


Convergent Series: If {S,} tends to a finite and definite limit S, 
then S is defined to be the sum to infinity of the series and the 
Series is said to be convergent to the sum S. 


Thus S is defined as lim Sp = S or Sn — S, as n > oo. 
N0 ы, 

Divergent Series. If {S,} tends to + oo or to — co, as n > oo, 
then the series is said to be divergent. 

In other words, ihe series is divergent if having given any 
positive number A whatsoever, we can find a definite number 
m such that S, > A, when n > m. 

Oscillatory Series. If {5,3 tends to no definite limit whether 
finite or infinite as n -> oo, then the series is said to oscillate. 
We say that the series oscillates finitely or infinitely according 
as S, oscillates between finite limits or between + oo and — oo. 


3.3. Some Direct Consequences of the Definition of 
Convergence of Series 


Theorem 3.1. The alteration, addition or omission of a finite 
number of terms of a series has no effect on its being 
convergent, divergent or oscillatory. 


Theorem 3.2. Multiplication of all the terms of a series by a 
fixed non-zero number has no effect on its being convergent, 
divergent or oscillatory ie. xu, is convergent, divergent 
or oscillatory according as Zu, is convergent, divergent ог 
oscillatory. 


Note. It is important to note here that the sum to infinity of 
а convergent series is essentially a limit and is not a sum in the 


70 DEGREE LEVEL REAL ANALYSIS 


sense described in the definition of addition. We are, therefore, 
not justified in assuming that the sum of an infinite series is 
unaltered by changing the order of the terms or by the 
introduction or removal of brackets. 

In fact, changes of this kind may alter the sum or they may 
transform a convergent series into one which diverges or 
oscillates. 

For example, the series (1 — 1)--(1 — 1)+(1 — 1)+.... is 
convergent and its sum is zero, but the series 1 — 1 + 1 — 1 
-F...., Which is obtained by removing the brackets of the 
original series, oscillates. 


Examples. (i) Let us consider the series 


1+ 3 + + testo. 


1 

Here 5. =1 + Û x + gk + кеше 
1 

кол ба 00 тыа 1 

I=} li Ales опи 


Now, when n — co, Hla > 0. 


e Fi WC), 


^o 


Thus S; tends to a finite limit as n > co. 


А los А 

Hence the series 1 +5 ub: aee to co is 
convergent and its sum is 2, which is 1eally the limit sum. 

(ii) Let us consider the series 


1 1 1 | 1 
75 +53 +33 З с +... 00. 
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Putting n — 1, 2, 3, 4, ....,n successively, we get 


u-1—4 
u =} — & 
из =} 
Р-Я Л 
Ao NT REI 
3 1 
Adding, Ба uc 
ing, we get S, = 1 Hum 
lim 5, = 1. 
nwo 
The series -L xdi Erat 015 +....to со is therefore 
172. 1850273 gu 


convergent and its sum is unity (which is really the limit sum). 
(iii) Let us consider the series 
142--3-c4-....—n-r....to оо. 
Here 5, = [CF SSE 4275. £. SF 
= (ee) k 


lim $, = oo. 
no 


Hence the series 1 + 2 + 3 4-....10 co is divergent. 
(iv) Let us consider the series 
1+4+7+10+....to о. 
Неге Sn =1+4+7+410+....to n terms, 
which is an A.P. 


== fk {2.1 + (n — 1).3}, from the formula 


toj 


5» = 5 (2а +(n— 0d) 


= 5 (Зп — 1). 


“ When n — œ, Sy > оо. 
Hence the series 1 + 4 + 7 2- 10+....to œ is divergent. 
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(v) Let us consider the series 
1—1-c-1-1-F1-1-..-.to о. 
Неге Sn 2-1—1--1— 1 +1 — 1 +....to n terms 
= 0 or 1, according as п is even or odd. 
Hence lim 5, = 0 or 1. 
nao 


Thus the series 1 — 1 + 1 — 1 +....to оо is oscillatory 
and oscillates finitely. 


(vi) Let us consider the series 
1-2+3-4+5-6+....to о. 
Here $,—1— 2--3— 4 + 5 — 6 4-....to n terms 


EH: n--1 
чао? 


, according as п is even or odd. 


S, > — оо Or +o as n> co. 
Hence the series 1—2--3—4--5— 6--.... to © 
oscillates infinitely. 


3.4. Convergence of a Geometric Series 


The geometric series 1+r+r+r+.... to oo is 
convergent when | r | < 1; the series is divergent when r > 1; 
the series oscillates finitely when r = — 1 and oscillates infinitely 
when r « — 1. 

Proof. The sum S, of the first п terms of the given series 

doe 
quw * 1. 


()If|r] < 1, r” —0as n + c. 


1 
Sn > EB I sates 


1 
Hence the given geometric series is convergent when 
{| =; 
(ii) If r > 1, m > + оо as п > о. 
Sn > + со as п = co. 
rat Sepe LEDs ..to n terms — n. 
5, > + о as п-> о. 
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Hence the geometric series is divergent and it diverges to 
+ o when r > 1. 

(iii) If r = — 1, Sp = 1 = 1 +1 — 1 F....to n terms 

- = Qor 1, according as п is even or odd. 
on S,-0 or 1 as n> со. 
Hence the geometric series X 7*7 oscillates finitely when 
г= – 1. 

(iv) If r< — 1, 1 — 7? > + со ог — co according as п is 
odd or even. 

Hence Sp > + co or — oo when п > co. 

Thus the series У r” oscillates infinitely. 


3.5. Cauchy’s General Principle of Convergence for 
Series' 


Theorem 3.3. 4 necessary and sufficient condition for a series 
X un to converge is that to cach e > 0, there exists a positive 
integer m such that 

| ита + Ит +s... -H un | < e, whenever n > т. 

Proof. The series У «u, converges if and only if the 
sequence {Sp} of its partial sums converges. 

By Cauchy's general principle of convergence for sequences, 
a necessary and sufficient condition for the convergence of {Sn} 
is that given any є > 0, there exists a positive integer m such 
that | Sn — Sm | < e, whenever n > m, 

ie., | Um + Umi +.... Un | < e whenever n > m. 

Hence the 1equired result. 

Theorem 3.4. If an infinite series У иһ is convergent, then 

иһ >0 as n > оо. 
(PU 1971 H; BU ’54 H; RU ’62 H, 70 Н) 


Proof. Let Sp = 1 +- Uat... ил. 


Since У up is convergent, therefore, let 5, > S, a definite 
quantity, as n > oo. 


Also Sn- > S as n > 0. 
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Now, Sn = ty cr ua beset Una + Un 
and Sai = ш F Ua +- -eo H a 
55 Sn = Sn-1 -H Un; 
men Un = Sn — Spa. 
um Hg = її) ($5 — 5,1) = дї. Ss zm Sai 
=S—S=0. 
Hence Un > 0 as n > co. 


Note. It is important to note here that tin -> 0, as n — co, is 
a necessary condition for the convergence of the series Уил 
but it is not a sufficient condition. 

Let us illustrate it by an example. 


For example, consider the series 


lim u = lim l = 0), 
7 ¬+ о пәп 


But the series is divergent. 


For, bti-iti-h 
BH ES eta > bb +} +} b and soon 
. 1+$4+44+44....t00 


and is therefore divergent. 

Hence u, +0 as n- со, but the series У u, is not 
convergent. 

Example. Test for convergence > TER =p. (R U 1970 H) 


Solution. Let the given series be denoted by X us. 
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IT 
Then ye SQUE DA э ge 
(n + 2} (i+ d 


= lim u,—1z0. 
nwo 


ЫБ ЕЕ 


Hence the given series is divergent. 
3.6. Convergence of Series of Positive Terms 


In the analysis of convergence of a series, the series of positive 
terms hold an important place. Obviously for a series of positive 
terms, the sum of n terms S, goes on increasing as more and 
more terms are added up. However it does not guarantee that 
the sum of infinite terms will excecd any prescribed finite 
number. It may happen that the increase in the sum goes on 
decreasing as more and more terms are added up and ultimately 
this increase becomes negligible i.e. to say the sum gets closer 
and closer to a definite number, 

By the definition of a convergent series, it becomes essential 
to find the partial sum S, and then determine its limit as n tends 
to infinity. But to find S, for every series is not possible. Under 
the circumstances we are inclined to establish such results which 
can determine whether a series is convergent or not without 
bothering to determine the partial sum 5, of the series, 

Theorem 3,5. A series Stn of positive terms is either 
convergent or divergent. 

Proof. Let Sp = u, T- Uo + Us +... + ил. 

So {Sn} is the sequence of partial sums of the series Dun. 

AS Spey = Uy + Ue + Us --....-- Un nay 

= Sn + Ua and Uny > 0 
(being series of positive terms), 
Sna > Sp for all ne N. 
{Sn} 15 monotonic increasing which may be bounded or 
unbounded above. 

If {Sn} is bounded above, by a theorem on monotonic 
sequence, we get {Sn} is convergent and consequently Xu, is 
convergent. 
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If {Sn} is unbounded above, we know S, > оо as n + оо. 
-. up is divergent. 
Note. A series of non-negative terms cannot oscillate. 


Theorem 3.6. If Zun and vare two series of positive terms, 
convergent to the sums s and s' respectively then the series 
X(us + Vn) and У (un — Yn) are also convergent to the sums 
s + s' and s — 5 respectively. 

Proof, Let the sum of m term of X(u, + ул) be denoted 
by Va: 

Then V, —(u, + v) +(ua + у)... (un + Yn) 

= (Uy + Us feet un) +O + Ye + ....+ Yn) 
= Sn -+ Sy’ 
As Уил and Dv, are convergent to s and s’, Sn >S 
and s,' — s'. 
nO Va >s +s' i.e. X (иһ + vn) is convergent to the sum 
M s 4- s'. 
Similarly X(u, — ул) is convergent to the sum s — 5'. 
Theorem 3.7. A series Xu, of positive terms converges if and 
only if there exists a finite number K such that 
ui + Us --....-- us < K for all n. 


Proof. Let us first suppose that there exists а number K 
such that иу + и, 4-....4- u, < K, for all n. 

Then the sequence {Sp} of partial sums of the series Xi, is 
bounded above. 

Also, since un > 0 for all n, therefore the sequence {Sn} iS 
monotonic increasing as $544 — Sn = Uny > 0 for all п > 1. 

Since every monotonic increasing sequence bounded above 
converges, therefore (S, and consequently 3 u, converges. 

Conversely, let us suppose that Su, converges, Then by 
definition, the sequence (S) of partial sums of уи, converges. 

Since every convergent sequence is bounded, therefore {Sn} 
is bounded, i.e., there exist numbers К and К such that 

k < S, < K, for all n. 


From the second part of the above inequalities we get 
uy + ив +..+ us < К, for all n. 
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Note. If no such finite number сап be found, the series will 
be divergent. For then S, > A where A is arbitiary. 

Theorem 3.8. The terms of an infinite series of positive terms 
can be arranged in groups, without altering their order, in any 
way we like without affecting the convergence or divergence of 
the series. 

Proof. Let Su, be a series of positive terms and let the 
terms be arranged in groups without changing their order. Let 
the sum of the terms in the z^ group be denoted by vp. 
So the new series is У Vy. 

Let Sn = ty + ua +... 

and fy = Vt Vote. et Ул. 

Then for every n we can find a positive number p, so that 

Sn € fa < Sai. 

If X ua is convergent, then lim S, = lim S545 = S. 

Therefore lim t, = S. 

Hence it follows that if Su, converges to a sum S, so 
does Xv. 

If Sup diverges, then as f, > Sn > co, 50 X v; also diverges. 

Similarly it can be proved that Xu, converges or diverges 
according as 5+, converges or diverges. 

Theorem 3.9. If the terms of a convergent series of positive 
terms are re-arranged, the series remains convergent and its 
sum is unaltered. 

Proof. Let Su, be a convergent series of positive terms and 
let the terms of Xu, be re-arranged in any manner. Let the 
new series, so formed, be denoted by Х»л. Then for every u 
there is v and for every v there is апи. 

Let Sn = ty us 43...04 Un 

and th = Vy + Ya --....-Е Ул. 

Let us suppose that the first л terms of xu, are among the 
first т terms of Уул; and that the first т terms of Xv, are 
among the first (n + p) terms of Sup. 

Then n < m < n- p, where m tends to infinity with n. 
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Also, Sn < tm < 5л+р. 
Since Sv, is a convergent series, therefore 
lim Sa = lim Sprp = S. 
Hence lim tm = S. 
Thus Уу is convergent and has the same sum as Sup. 


Note, This proof fails if $1, is broken up into two (or any 
finite number of) infinite series. 


Theorem 3.10. (Auxiliary Series) 
The infinite series x 3 Tte. 


1 


cuui 1 1 1 
2» apt gw t apt gp beo 00 


is (i) convergent if p >1 


and (ii) divergent if p < 1. (M U 1979; 


R U '73H; Mith.U’85; P U '85) 
Proof. Let us denote the given series by 5. Since 5 іѕ а 


series of positive terms, its convergence or divergence is not 
affected by grouping the terms in brackets in any way we 


please. 
CASE 1. Let p » 1. 
Group the terms as follows : 
1 ЖА! NUS 1 
v 5) t (+++) ees (лг, 


Clearly 5 =; 


1 1 
PTP LE 
LL OLE BRD j 4 
Д9 Ste m SPF BII ° 
Similarly JD ла ме icu < 5 


gt opt tt TP gp and so on. 
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Adding the corresponding sides of the above relations, we 
1 


1 1 1 
have e gy te ap O 
2 4 8 
Sid fae best -to co 


Jes ES c 1 z> sum to infinity of a series in С.Р. 
2» 
Since p > 1, therefore the right hand side of the above 
inequality is finite, 
Hence S is convergent. 
CASE 2. Let p = 1. Then the given series becomes 
T+ Ф-Н... о оо. 
Group the terms thus : 
Ictd-G-c-Dc-G-c-ic4-1v4BnD ..ло о. 
Obviously 1--1—1-r 4, 
#+i>t+3=%=3, 
PEE rdi 


Adding the corresponding sides of the above relations, we 
obtain 1 + $ +} + $--....to co 


21-1-4--131....to о. 


But the series 1-5 4 24-3 4-....10 co is divergent. 
Hence the given series is also divergent. 


CASE 3. Let p « 1. 


Group the terms as follows : 


1 ТТТ ПИ алар 1) 
btth (++ +... 0. 
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Obviously, de 1, 


12 

iboats JL IO EE “2ш + 

2537414 4.2 
NUMEN M 1 
Bis epee. 8 8 5 & X 


Adding the corresponding sides of the above relations, we 
find that 

do der d IM 

їр tas 35 +....t0 00 > 1+-- jo age to ©. 

But the latter series is divergent. Hence the given series is 
divergent. 


Hence the series > E is always divergent except in the case 


when p is positive and greater than unity. 


3.7. Pringsheim's Theorem or Abel's Theorem 
(P U 1959 H, ’63 H, '67 H, ’70 H; BU '58 H,'62 H,'64 H,'68H; 
M U '64 H, '69 H; R U '63 H, 73 H; Bh U '63 H) 
[Ihe theorem was discovered by Abel but forgotten, and 
rediscovered by Pringsheim.] 


Theorem 3.11. Jf  u, is a convergent series of positive 
decreasing terms, then lim (nun) = 0. 
т —» оо 


Proof. Since X Ип is а series of positive decreasing terms, 
therefore 


Ип+1 > Ugn 
Unig > Uan 
Ип+з > Ugn 

Uon = Uon 


Adding, we get Un+ı + Unas + Unig +--+-+ Uon > N Uon 
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Since Zu, is convergent, by the general condition for 
convergence, 
Ung + Unda + Unig +....-+ Ugn > 0 as n > oo. 


n^ lim (nuen) = 0 
п — со 


= lim (2n usn) = 0. ye (1) 
fi— 
Hence Pringsheim's theorem is proved when n is even. 
inei (iste TE TIAS 
Again lim as )= lim 1+ 3) =1. ss (2) 


NOW, tpa < Uon 


Qn + Dus, < ZEEL (On usn) 


> Qn Dua < (1 + 2л) 


> dim [0л + Dus] < ETC 7 x) [ Jim (2n tn) 
= lim [0л + Du] = 0, from (1) and (2). 


Hence Pringsheim's theorem is proved when z is odd. 
Hence lim (n un) = 0. 
п +o 


Example. Use Pringsheim’s theorem to prove that the series 


5 I is divergent. 
Solution. Here и„ = l. 


1 
Rua =n — = 1. 


no lim (mug) = 1 #0. 
п» 0 


Hence, by Pringsheim's theorem, Xun i.e., zł cannot 


be convergent and since it is a series of positive terms, it 
must be divergent. 
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3.9. Some Remarks on Pringsheim's Theorem 


(i) To show, by an example, that Pringsheim's theorem is 
not true if the condition, that u, decreases as п increases, is 
omitted. (Bh. U. 1963 H) 


Solution. Let us consider the series 


1 l aL 
1+ I Ll tater ates 


Hence, the nth term us = 1. ог 3, according as n is or is 


not a perfect square. 
xd the series (of positive my in the form 


+++ Ки КЕР jg 


ln, ll 
E. eM 

Bach of these series is convergent. 

Hence the series under consideration is convergent. 

But since nu, = 1, whenever n is a perfect square, it is 
not true that n up > 0. 

Hence, in this case Pringsheim's theorem is not true. 

(ii) To show, by an example, that the converse of 
Pringsheim's theorem is not necessarily true. (B. U. 1962 H) 

Solution. Let us consider the series 

СЕУ БЫ СЕЕ ЕТЕУ 

Sine 1+4} +4 HDH Hiti tH is 
greater than 1 + 4.4 + $.3 + 1.3 --...., therefore the series 
(1) is divergent as 1 + $. + 4.3 + 4.4 +.. ..is divergent. 

But it is easy to see that the terms of the series (1), that is, 
14-44 +94+4.4+2.44+-4.44+.... satisfy the condition 
that nu, > 0. 

Hence the converse of Pringsheim’s theorem is not true in 
this case. ` 
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3.10. Elementary Tests for Convergence of Series of 
Positive terms 

Theorem 3.12 (Comparison Test) 

(B U 1955 H; RU °70 H) 

FORM I. (i) If us < kvn, for all values of n, where n > 0 
and К is а fixed positive number, and Xv, is convergent, then 
Zug is also convergent. 

(ii) If un > kvn, for all values of n, wheren » 0 and k isa 
fixed positive number, and У vp is divergent, then Xu, is also 
divergent. 

Proof. Let Sp = OE E Un 

and о» — V + Va Ys +... ур. 

(i) From the inequality и, < Кул, for all n, we have 

ш + Ms d s +... < Куу + vet Vat... + Ул), 

Les Sn < kon, for all n. 22 (1) 

Since Уул is convergent, therefore there must exist a 
positive number А, such that 

м у + Vs +...-+ Ул < A, for all n, 
i.e. on < A, for all n. 8 (2) 
From (1) and (2), we obtain 
Sn < КА, for all n. 

The sequence {Sp} of partial sums of the series Уи, is thus 
monotonic increasing and bounded above by kA and hence 
Xugconverges. 

(ii) From the inequality u, > kv, for all n, we get 

Uy + Ua + из +... + Un > К + vot Y +....+ vg), 

ie. Sa > kon for all n. 

Since X», is divergent, therefore 

On > со aS n > oo. 
Sn > оо as n> oo. 

Hence Уи» is divergent. 

Note. It is sufficient if the conditions in the above test are 
satisfied for all values of n > some fixed integer т. 
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. If lim “ = a finite and non-zero number l, then 
Form П HS Yn fin 


Zun and Zvaare either both convergent or both divergent. 


Proof. Since ® —/ as n > œ, therefore by the definition 
Yn 


of limit it follows that corresponding to є > 0 there exists а 
positive integer m such that 


бз р 
Yn 


< e, for all n >т. 


Let O < e < l, then 0 < l — e< <, foi n>m. 
n 
Since vn > 0 for all m, therefore multiplying the above 
inequalities throughout by vn, we have 
0 < (1— ev, < ün < (l + e) va, for n > т. 


Now if Уул is convergent, then У(/-- є) уһ is also 
convergent and therefore Su, is convergent, as tin < U e) Yn. 
[from Form I (1)] 

If, however, zv, is divergent, then 3(/ — e)v, is also 
divergent and therefore Su, is divergent as un > (l — e) vn. 
[from Form I (ii)] 

Note. (i) This test is also stated in the following form by 
combining (i) and (ii) of the form I. 


и 
fa< ES x b forall values of n > m, where a and b are 
n 


positive constants, the two series Su, and Xv, converge or 
diverge simultaneously. 


(ii) A test for convergence of a series is nothing but a set of 


sufficient conditions under which the series is convergent or 
divergent. 


3.11. Use of Comparison Test 
This test is applicable for series of positive terms only. 


For a given series Zu, of positive terms, a series Ууд of 
positive terms is to be selected whose convergence is known and 
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lim "5 js non-zero finite number. The efficiency in choosing 
2-0 Уд 
> у» requires practice. However if 
Un = PO) then choose 


Ox) 


yn = term containing highest power of x in P(x) 


| "term containing highest power of x in Q(x) 


which will be finally of the form +. Thus х will act as the 


primary series (or auxiliary series) for testing the convergence 
of a series by comparison test. 


WORKED OUT EXAMPLES 


1. Test the convergence of the series— 
sh ё afa at чїч ac — 
1+ 1+2 HES Ponet LEA 


TEZA AEE тс А10 005 
(М U 1969) 
Test the convergence of the series 5 ltn 
or, Test the converg EAT 
Solution. Here the n^ term, un = 2, 
j 1-4 m 
Let us compare the given series Su, with the auxiliary 
s 11 
series У Vn, where vs = uv 


Then Ma mdi 


lim * = lim = 1, which is finite and 0. 
n +o Yn E E 
2 


n 


Hence, by comparison test, Xu, and Sv, are either both 
convergent or both divergent. 
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z 1 
But Xv, = zt Le. т dE 


ке: FN 
is divergent as 2 is divergent when р = 1 


Hence the given series is also divergent. 


2. Test the convergence of the series 


Dh |23 TO p— 1)%-1 
pla E o go a Eton oo! 


(P U 1964; B U 57, '63; Roorkee Engg. '76; Mith. U. '82) 
-1 
Solution. Here the n term, uy = e 3 
Let us compare the given series Xu, with the auxiliary 
Series Уул, where 


n 
Уп = i 


n" n 


a п" п-1 п" 
COTES I зад 
mA a 
n 
A? 
lim % = lim [24 1 Е 
noo Ул noo |] n 


which is finite and non-zero 


|5 0-3-7] 


So, by comparison test, Su, and 


2Z Уп converge or diverge 

together. 
But а dui ани i 
Zyn P i.e., i + grate. to oo is 
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divergent as mp3 es 5 4- at .-..t0 oo is divergent, when ` 


p= 11: 
Hence Уи» is also divergent. 


3. (i) Prove that the following series is convergent— 


faa at fa fafafa tot амата #— 

1.2 3.4 5.6 

Ept gage tage te (P U) 
Solution : Here 

г) 
isle. (ni 1:28 ads G-i Xi 
Оп "0а + 7j fasse 
n n 
1 

Put Vn = ae 


which is finite and # 0. 
Therefore Su, and Ууз converge or diverge together. 
i- x Ne i 
But Sv, = px is convergent, as p= 2 > 1 in y E 
So Xu, is also convergent. 
3. (ii) Test the convergence of the series— 


2 42, 28.462 


E g gpt pyp” infinity. (PU) 
2n)? 
Solution. Here tny = oes 
i RAS - 
Now, меа و < و = و‎ = 3 
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(туў a (да |1 


mn UI (ТУ? m-i Qm4l1* mri 
or unn? Xn IIT 

tin > z; is true for all n. 
Take ^x then Yn > = and so sm > 5l 


and consequently 5 v, is divergent. Hence 5 up is also divergent. 
3. Sen Discuss the convergence of the series— 
sivit Ф «инш at eureur at— 
1 * 
уди + т * geo Т +: ..ad inf. 
[P U 1949; MU *72, '80J 


Solution. Here the n'^ term, Un = 1 


УЛ ЕД 


Let us compare the given series Yu, with the auxiliary 


series У уһ, where v, = E 


Then ао fre qp T. 
"^ oYnii-1 Ei ai 
do CN 
n Vn 

- lim “ = lim 1 


im —— — р which is finite 
PD en e fice ЖЕ x die and non-zero. 
n Vn 


So, by comparison test, Уи, and yy, converge or diverge 
together. 
But v, = 


vi 
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: 1 1 1 корт 
ie. ++ — +....to œ is divergent as 


BI 33 
1 1 1 Ж 3 
+ asd uto со is divergent when p(—1) < 1. 


Hence Zu is also divergent. 


4. Test the convergence of the series whose general term is— 
aot $ айгып at ota at fear ататеп чх fafafa t— 
vn +l уп. (P U 1951, '55) 


n 


Solution. Here the л term, 


ds UV TS 
n 


_ул+ = Vn у Vr t+ I+ уп 
n Yn+i+ Vn 
E п+1-п 1 


оңуп ++ m) тут Тут) 
Let us compare the given series Уи, with the auxiliary 


В 1 
series У уд, where Vn = TD) 


86 
“| 
n nt 


Then & = E Bi d = лещ 
Yn n(n + 1+ vn) 1+ 1+1 


n» which is finite 
2 and non-zero. 


lim "5 — lim E 
n> Ул n 
} 


Jue] 
n 


So, by comparison test, Zn and Sv, converge or diverge 
together. 


: 1 2 705, 
But у» = lue ie. qmm tym at о © 


«+ to oo is convergent when | 


1 1 42 
is convergent a$ 75 + » + 35 + 
p(=) > 1. 
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Hence the given series is also convergent. 
5. Test the convergence of the series whose general term is 
+1 Vr – 1. 
(Bh U 1962, 69; В U '85, 77; P U ’69, °75, °81; M U °75) 
Solution. Here the л? term, 
= JRE E 
VED Ж EST 
Wt x ( 1+ 
ауар Ft = 1) 
© ЖҮН Та 2 P 
VFL + ут SPI Rmi a 


Let us compare the given series Xu, 


with the auxiliary 


Series Уул, where v, = Za 


Then *» = EU 25 ANY. 4 


Yn Vr F1 un -] 

luem i A id 1 
lin * — jim 
Row Vn п-0 


2S2 E c. f | 
FEM 72$ ^ 
which is finite and non-zero, 
So, b is i 
бс? comparison test, уи, and yy, converge or diverge 


Bu ууу = X 


JN BT n 
jo Le. 1 ata +....to oo is 


“Bl 


conve 
rgent ر + چې که‎ 5 tap + +++» O оо is convergent when 
р(= 2)> 1. 


Hence zu, is also convergent, 
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6. Test the convergence of the series B ( Фп +1 —n ) 
п=1 
(Bh U 1964; В О °72) 
Solution. Неге the n’ term, и, = Y п + 1— п 


iC 1) 

ЖП PRAT YI 1 

zn dr ЕА ОПЕ а 

“| lk: r2 mt 1 
345-1) 

А BAB 

EN 1.2 pom 


Let us compare the given series Xu, with the auxiliary 


series Xv», where v, = 3 


lim 48 = l which is finite and non-zero. 
noo Yn 


So, by comparison test, Zn and zv, converge or diverge 
together. 


Ie кестай 
But ZI i.e. ate +e т Г... O oo 15 con 


Lb .... to oo is convergent when 


}(= 2) > 1. 


Hence the given series is also convergent. 
7. Discuss the convergence of the series for p e R— 
Ag Ло co. 
2 3 d 3s Set 
(B U 1956, '59; P U 79) 
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n 
Solution. Here the n'^ term, un = + 


Let us compare the given series Ун, with the auxiliary 


А п 1 
series У Vn, where v, = T ae 


hen e Qs De ent E 
Yn n? n 


lim 42 = lim (1 + i) = 1, which is finite and non-zero. 
f Уд no n 


So, by comparison test, the two series xu, and У Vn converge 
or diverge simultaneously. 


1 


Ч 1 1 1 
But 2% = a> ie. pa tya + т +.... to © 


is convergent or divergent according as 
pil >1 Or р 1 <1), 
p>2 or p«2. 


Hence the given series is convergent or divergent according 
asp>2orp <2. 


ie. 


8. Test the convergence of the series 


1 х xS Хх? 
Tas? joa TEES Ipate о, (x > 0). 


(BPSC 1977; M U '66) 


1 -1 
Solution. Here the nt^ term, ün E 


1+ x" 
When x < 1, put v, = x?3, Then л — En 
Y» 1+ x 
lim“ fim =i since x” + 0 
nso Yn — noc] + x^ 4 ГА as п» о 
when x < 1 


So. by comparison test, 


Zu, and 5 v, converge or diverge together. 


But v = 3x^3 ie. Г x + 2 to oo is 
convergent, for it is a G.P. whose common ratio is less than 1. 


» 
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1 
оаа ЫЗ, C. dui eher cuc x 
1+ x^ 144 
xn 
1 
RE аан 20 
n-o n>o 1 x 
gl 


But ил > 0 as n > oo is a necessary condition of conver- 
gency. 

So, Sun is divergent when x > 1. 

If x = 1, the given series becomes 


1 1 1 
ISDN TI "pu 


xis d dg i ++....to oo, which is divergent. 


+... 


1 
2 

Hence the given series is convergent when х< 1 and 
divergent when x > 1. 


i.e. 


9. Test for convergence of the series whose n'^ term is sin( H). 
n 
(R U 1970) 
Solution. Here и» = sin( £), 


Let Ya = 1. 
п 


{Remember tnat sinl = i- Jl + 


ПЕ 
sin L 
Then in E 
Yn 1 
n 
.. lim 38 = lim 93 where — Lo 
noo Yn $520 Ө 


1, which is finite zd non-zero. 
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By comparison test, =u, and 2v, converge or diverge 
together. 


But Уу, 1.е., PES diverges as p=1 in zl. Therefore the 
given series i.e. Zun also diverges. 
Problem-Set 3 


Test the тч of the following series— 


sn — 3 
1. @ 2 + + 2+ +... ‚+ он O O: 
(P U 1940) 
7,10, 13 inl 
@ $ *tgytogtgt wei rto eo 
(M U 1969) 
ae 3 5 7 9 2n — 1 
(GUT TE^ 32708 al БАК a TÎ 
+....to o. 
(P U 1956) 
2n +1 
05 E: ҮЗЕ ГЕ (Bh U 1966) 
2. (i) [ж + [à + sea tO 00, (R U 1967) 
1 5 
O тз + aaa + ggg t9 
(Roorkee Engg. 1976) 
Te T2 3 TS 6 4 
GUT + gto + ig tas ss ad inf. 


„Ао o. (PU 1961) 


Jt v2 V3 4 
O Ер орда wate. .to oo. 


(P U 1954, '68; R U 775) 
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1 1 1 


(à چیو + چب‎ + zyz +... (Mith U 1980) 


3. Testthe convergence of the series whose general term 
(or nf? term) is as follows— 


@ = (R U 1962; P U °77) 

(gj meme (PU 1936) 
V1 + A? +n 

TEE z 

(ii) AEST Gv) Vos 2>. GU 1970) 


4. Test for convergence the series whose general term is 
as follows— 


@ Vê ЕТ sna. (P U 1933) 
Gi) îî +1 — m. (ВО 1962; Bh U ’69; PU 77) 
(ii) Мл + 1 — ул. (P U 1965) 


(iv) v +1- ут – 1. 
(P U 1953; R U '64; B U '62; Mith U '78) 


(v) үт + 1 — n. (P U 1985; M U ’69; BU 778; 
Bh U °67; Mith U '76; R U '76) 
5. Test the convergence of the series— 


G) 5{ул +1 – п). (В U 1971; Mith. U. '85) 
(i) iw n--l- yn). (B U 1976) 


6. (i) Discuss the convergence of the series for p e R— 


E ETE NERA 
1*3 ^3: 3 199. 
(Bh U 1964; R U '63; P U '61) 


(ii) Test for convergence the series whose n^ term is 


An1- Vn. (R U 1969) 
n? 
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7. Examine the convergence of the series whose n'^ term is 


cos?nx Лед Аза 1 
@) Qn DF (i) = sin =, (ii) ta: = 
Theorem 3.13. D' Alembert's Test (or Ratio Test) (M. U. 1985) 


FORM I. (i) An infinite series of positive terms is convergent 


if from and after some fixed term the ratio of each term to the 
preceding term is numerically less than some quantity which is 
itself numerically less than unity. 


(ii) The series is divergent if the above ratio is greater than 


or equal to unity. 


Proof. (i) Let the infinite series beginning from the fixed term 


be denoted by 


Uy + Ug + Ug + U, +....t0 O 
and let Ê < г, 48 < r, #4 «€ r, ...., Where r < 1. 
uy и» из 
Then t; + us + Ugtuy+....+ to oo 
us (ET чыш ышка ert 
( ЖГ чү КЕД! +....10 oo 
i.e. u + Ug + из --....10 o 
ES 1er Bs: ыы WELL lec Ha 
( шй a ma RE 
ie Zun <u(l+r+rP+r+....to oo) 


бе wun « Uy. 


1-r' 


by sum of infinite geometric series as r « 1. 


Clearly 7 “a = is finite as u, is a fixed term and r < 1. 
Hence У un is convergent. 


(ii) Let the series beginning from the fixed term be 
ty + Up + US +....t0 00. 


апа ее E 51,2351), 26541, .... 


и, из из 


le. Up > My; Us > Uz > U1; Uy > Ug > U, >U, and so оп. 


= 
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Then S, = + Uz + Us -Hus +... +H ил, 
je. Sa > ш + +1,+u4,+....ton terms 
ie. Sg > nth > 00 asn — со. 

Hence Zu, is divergent. 


D' Alembert's Ratio test can be stated in the following Jorm ° 


FORM п. (Limit form) Let Xu, be an infinite series of 


positive terms such that lim e. = p, 
fo И 


Then the series (i) converges if 1 « 1; 

(ii) diverges if 1 > 1; 

(iii) may converge or diverge, i.e. the test fails if l = 1. 
(Bh U 1976; P U '56 Н) 

Proof. Let / < 1. 

Then we can choose a positive number e such that 


: l--e« 1. 
Let J+ € = k, so that k < 1. 


Since a 1 а п > co, therefore, by definition of limit, 


there exists a positive integer m such that 


l= e< me < l+ e, forall n >m. 
n 


Since u, > 0, multiplying the above inequalities through- 
out by un, we obtain 
(1— ets < Uni < (l+ Dug, forall п> m. .. (1) 
Taking the second inequality uns, < (1 + e)un 
їе Uny < Кил, for n > т, we get 
ит < Kum 
Umis < kum < Rum 
Umis < kimia < Kum 


Umir < Кит < Кит: 
Umi + maa + Umis Б. © Kum (1 ar K+k+ ....) 
which is a geometric series with common ratio k =. 1, 
D. L. R. А.—7 
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But since kug(1 + k + К®--....) is convergent as 
0 < k < 1, we get Um+ + Umi + Umis t+.-..- 
is also convergent and hence >и» is convergent. 


Suppose next that / > 1. Then we can choose a positive 
number e such that / — є > 1. 


Let | — e =A, so that à > 1. 
Now taking the first inequality of (1), (I — e)un < uni, 
hé. Un, > Mu for п > т, we get 

Umi > À Um 


Ит+ > À Umi > Mum 
итаз > mas > Mum 


Ит+т > À Umir-1 > Мит. 
Umi + Umts + Umig +... > Аит(1 +24 А2 4-....). 


But the series 2 um(1 + 2. + 22+....) is geometric with 
common ratio A > l; so it is divergent. 


Therefore, tmi, + иті + Umig-—-....is also divergent and 
hence Sup is divergent. 


If /=1, the above test fails, so the series may be 


convergent or divergent depending upon the nature of the 
Series. 


Note. То keep uniformity with other ratio tests, 


D'Alembert's test is also remembered by taking a in place 
n+l 


of EL in the above form. Thus it is stated as follows— 


Un 


A series > u, of positive terms such that lim 4% = b 
n>a Und 


is convergent if / > 1 and divergent if 1 < 1. 
Nothing can be said by the test if I = 1. 


In problems usually this form is used. 


PL aol 
асна 
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Theorem 3.14. Cauchy's Root Test. 
(P. U 1955 H, '59 H; Mith. U. '85; P. U, '85) 
Let Zun be an infinite series of positive terms and let 
4 
lim uz” = l. 
n> 
Then the series Zun (i) converges peels 
(ii) diverges Ice». 
(iii) no conclusion if 1-1. 


1 
, Proof. (Rigorous) Since и," -> / as n -> co, therefore, from 
the definition of limit, it follows that there exists a positive 
integer m such that 


1 
I-ecuj^ «le Sa 
for all n 2 m and e > 0. 
Let / < 1. Then we can choose e such that l--e«1. 
From the second inequality of (1), we have 


1 
Un <I+e, огай т> 
ie. иһ < (1+ €)”, forall n > 
Now =(/ + €)" converges, as it is a geometric series with 
> common ratio / + e < 1; therefore, Уи, also converges. 
Again let / > 1. Then we can choose e such that 
1—є> 1. 


From the first inequality of (1), we obtain 


m, 
m. 


m 


tn” > 1-6 for all n 2 m, 
i.e. иһ > (l — ©)", forall n > т. 
But z(|— c)" diverges, as it is a geometric series with 
common ratio l — e > 1; therefore 3 4, also diverges. 
1 


п 
1 i lim uw zl. 
This test fails wben Шш ^ 
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Alternative Proof (Elementary) - 
et. 
CASEI. Here un” = г, where r <1 
= Wa. =T* > 
> b. s... Us +...-t0 со ы 
=r Hap. Annn со 
07508 = ice which is finite, as r < 1. 
Heace the given series is convergent. 


1» 


CASE Ш. Here un” > 1 
> ugl 
= Uy tue +ugt.... tin n 


= lim (и ue + u +....- ug) > lim n= с 
э 0 ao 


Hence Jun diverges. = 
No definite conclusion can be srawn regarding the nature 
2 ааа 
of X u, when lim u, = 1. 
я=1 ы] 


WORKED OUT EXAMPLES 
1. Test the convergence of the series— - 
Aiè T at ois ax)— 


1.3.5 1.3.5.7, 
Tt] dT + 3716 "FTG v 


(PU 1950; B U ’60; M U *63, °68) 


Solution. Here u, = _1-3.5.7....(2п— 1) 
4Л.10.13....(3п F ): 
So, we get 


Ma _ _13.5.....Qn-1) 4710 
pa ee DS 4710... 3 
Yair 47.10..... Ga +1) ` 13.5... ein 


б =; 
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4 
оз Ta 
2n-+1 ig 
2 ee 
iy =. 3 > 1. .. The series is convergent. 
nom Unti 2 


2. Determine the convergency or divergency of the following 
series : 


142 D + att ia Ad ext -to co, for all values of p, 
(BU A '58,'63; P U '62, '68; BU 75; MU 771, 73) 


Solution. Here the nf^ term, tin = ui 

tn 

CHD 

E ЛЕШ 

Id 
Now ce UE N RC 
Und {л (n+ D? ( = 
n 


Un _ |. = 
am a [r Ty ا‎ 


which is greater than 1 for all p. 
Hence, by D'Alembert's ratio test, the given series is con- 
vergent for all p. 


3. (i) Determine the convergence— 


2x + 3% х te. + Se)» ...10 оо, 


(х > 0). 
(M U 1965, °73; B U '61, °78, °80; 


P U '61; R U '69; Mith. U. '85) 
Solution. Here the n term, un = ж» 


(n+ 1) +1 


O ар 


Und = 
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3 
иһ _ п+1[п-+1 el 
Now ur aO «( = = 


8 
E tcm eiie 
соу Fs . 
din 
lim + = 1 
"ono Und à X 


If x « 1, the given series is convergent. 
If x > 1, the given series is divergent. 
If x — 1, the ratio test fails. 


Now u, = Bil, when x = 1, 


Let у; = x. the n^ term of the auxiliary series Y vy. 


lim 7? = fim (: +- n 
n> Yn n-o n 
which is finite and non-zero. 


So, by comparison test, Su, and È Уп Converge or diverge 
together. 


1 Б 1 
But ууз = pa obe m о е 


is convergent as 


1 Lvl 
1 3p 3p ^59 0 


is convergent when р(= 2) > 1. 
Zu, is also convergent. 


Hence the given series is converg 


ent when x <1 and 
divergent when x > 1. 


{> 
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3. (ii) Discuss the convergence of the series— 


x3 139, 
loh aut eee pag ele y EUN 
(P U 1933; M 0 '70; B U '66,72) 


0) 
Solution. Here the n'^ ter: M S MC 
пи un E CHENN 


Un _ x? xn 
wei (Qn — 1)2п | 2n 1) -Qn +2) 


_ (п + 1)@n+2) 1 
Qn—1)2n x 


ч ты ЕС. 25 
"onc Unt DD XE 


If x « 1, the series is convergent for then 


те CES. 
‘no Uni, 
If x > 1, the series is divergent for then Lt n it 
noo Uns 


“ 1 
If x= 1, из = отуу © "G- (rays 


кк: = = Lt 


is convergent, as 1+3 та z tw b^ is convergent 
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obtained by comparing with the series 1 + pt dun 1 as $ Ч 
which is convergent if р > 1 and divergent if р 
Уил is also convergent. 
If x = 1, thes cies is convergent. 
3. (ili) Determine the convergence of the series— 


14+ 2x4 ھگ‎ 15 hb +2 Ims. „to co, 


(x > 0) 
(P U 1948; Baroda Engg. *60) 


Solution. Here the л term, ta -2, AT " 


1 
=) на C= 254.. 
Une = 1 Par, 


221-2. 29941 р 
CEH-2 m LT 


Is 
xl- 


If x < 1, the series is convergent, 
If x > 1, the series is divergent. 


If x = 1, D'Alembert's test fails. 


Then u, = 25210 


CERE 
27-2 2-23 
Bel FIF for n > 3 
DONT rau ENS 
Lob ыа ш 
< 
ün > і from d gt the 3 term at least, 


OTER SHH 
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The series is divergent. 
If x — 1, the series is divergent. 


4. (i) Test the series 


2 1--n* for ali x > 0. 
(Bh U 1963; В U '62, 74, '77; Р U *53, '70; Mith U *76) 
% 
Solution. Here the nf^ term, un = 3 E A 
xti 
Una = 1c (G4 1y TG 1: . 
2212 
Noo un И ЗЕ зп E 
Un m-l x 1+1 9 
ni 
2 2 
IAE TR C ORARE р б. 
n0 Unit [e 1+ 1 x x 
ni 


Now we apply D'Alembert's ratio test. 
иң 


> 1 and so the series is convergent. 
Usi 


If x « 1, lim 
n= 


< 1 and so the series is divergent. 


If x > 1, lim 4% 
no lg 


If x = 1, lim “= — 1 and so the ratio test fails. $ 


ELIT 


E when x = 1. 


Now, Un = 


Let. Y = Um the п term of the auxiliary series 7 Ys, 
n 


йз. Ue 
Then y^ pue lai 
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which is finite and non-zero. 
So, by comparison test, Su, and Xv, converge or diverge 
together. 


But X», => 1:65 ++ +....to oo 


is convergent as 1+9 += Е ae ....tO co is convergent when 


p(=2)> 1. 

Therefore, Su, is also convergent. 

Hence the given series is convergent or divergent according 
asx<lorx>l. 


4. (if) Test the convergency of the series whose general term 


is ae pU (x » 0). 


(Bh U 1965; B U '58; M U '68; R U '73) 


3 
Solution. Here the n'^ term, up, = =e DU 
(n + 1)? 
LAE EDETE 
up E (n + 1-1. thew _ 
SOM rose eps m+] x 


1 = 


im = 1. 

nm Unt, х 
If x « 1, the given series is convergent. 
If x > 1, the given series is divergent. 
If x = 1, the ratio test fails, 
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3 
Now tn = xg, when x =1. 
== 


Let v, = 4, the n'^ term of the auxiliary series У vp. 


Е . 1 
lim а = lim XXX ДЕ 
ю->со n n=] E = 
which is finite and non-zero. 
So, by comparison test, zu, and Уу» converge or diverge 
together. 


1 А ТТА 
But 2а = = ie Т7 3*3 +....t0 о 


is divergent as — 1 + EI + z +....to со is divergent when 


1? 


p=1. 
J иһ is also divergent. 


Hence the given series is convergent when x « 1 and 
divergent when x > 1. 


4. (üi) Test for convergence or divergence the series whose 


nth term is MP dn, (x > 0). (P U 1960; Bh U '71) 


A/n*4- 1 
т lye, naga = UC. DIET uua 


Solution. Here uy— 4— ——xX^; 


СЕТИ 
wo МЕТ ые кыы 


v(n+1)+1 


f ml GI 1 
mn Qc ntl "x 
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md TEE 


Then Lt " = 1. So yu, and У Уһ converf? or diverge 
n+ Va 
together. 
But Sv, = > 1 is divergent. So Sup, is also divergent. 


If x = 1, the series is divergent. 
5. (i) Test for convergence the series 


(1 + х)(2 + (3 + x3)....(n + x) 
2 ZEDGE MELD. nay E U 1964 H) 
Solution. Let the given series be denoted by Zun. Clearly 
the given series has all the terms of the same sign for all 
possible values of x, after some Stage, 


it (1 + :3)Q + xY3 + 3)....(-4- x) 
Then из Q3 (6 + x)... Cnt ху 204 


aes (1 + х0 + Х)(3 + 2)....(n + x)n 4-1 +x) 
(2+ х4 + *X6 + х)....(@2л + 3)0 + DE х)` 


2 х 
иһ _ 2n 4-2-4- x oF T 


Uni n+1+x 


1 
Lop жу ® 
n ^nm 


воша 2, which is greater than unity, 
пэс Unt 


Jana ee 
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Hence, by D’Alembert’s ratio tes, the given Sees is 
convergent. 


5. (ii) Test the convergence of the series 


œ 
> — — }2* for all valves of x. 
ZU erem Vn? + pm Ў f 
(P U. 1958) 
Solution. Here 
1 1 
Us = — ———— þh’ = 0. 1» 
ý (= Ex мт +1 né — 1 
еттт ААВ ЕЛЕ 
x 1+ P —mn T 
1-5 n 
( к) -# 
- 
E OE 
SE E 2 N a XE 
1 1 IY" 
fi -4( ++ -i) 
Let v4 — tur then Lt 4% = 
n n> Vy 
Уи» апі Уу» converge or diverge together. 
3 
Now, E -(H Ly. stp E ed Ub 
*- VATI n x n9 Yny S 


If x < 1, Lt J > 1 and X»; is convergent. 
п->со Vain 
And if x > 1, Хув is divergent. 


Ex os = and .. Уп is convergent. 


Xu, is convergent if x < 1 and divergent if x > 1. 
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6. Discuss the convergency and divergency of the series whose 


a" 
th 
п" term is Ux" aa 


ton оа. 
Solution. Here OTE засы 


gm 


Une = arr qaem 


and 


ün gno Aere ali 
Uny а" + xn а 


Е. 


nO Un +1 


If a < x, the series is convergent. 


nl 
1+) 
Again Û = 


Una а ING 


Let a » x. 
Шш кас 
no nay 


The test fails in this case, 


| "Gy 


.. lim us = 1 which is not equal to zero. 
noo 


But иһ 


Hence zu, is divergent. 
When x — a, E: Biven series becomes 


Tic i-....t0o, 
which is clearly TOW 
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Hence the given series is convergent if x > a and divergent 
if x « a. 
7. Discuss the convergence of the series for real values of x— 
1 E CINE eR 
PIS! EIN TU CAE 
(P U 1978, °80; R U ’68; M U '70; B U ’66) 


Solution. Clearly, for all real values of x, the series is of 
positive terms. 


x2n-2 
(n + руп ` 


2n 


Here the п? term, tp = 


x 


Gyn 


и _ (a+2)Vvn+1 1 
Now: Una — (n+ Dyn ` x 


2 
(i+ 1 n x 
n 
А 1 
lim “в = 
fay Unt x 
If x®< 1, ie. — 1 < x <1, the series is convergent. 


If 3i» 1, ie. x > 1 or x < — 1, the series is divergent. 
If x= 1, ie. х= + 1, the ratio test fails. 


Now ün = ; When х= + 1. 


1 
(n+ Dn 


1 
Let "= р the n^ term of the auxiliary series X v. 
n 


л lim Е = 1, which is finite and non-zero. 
n=O Vn 
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So, by comparison test, Yu, and У уз converge or diverge 
together. 


1 ° 1 1 1 
But 2v, —2-, ie ЗЕТЕ Е -....10 о 
п? 1 Ол ШЗ 
8 1 1 ILE К 
18 convergent as 1 Gr 25 F 37 -to co is convergent when 


р(= 8) > 1. 
У ип is also conve. ent. 


Hence the given series is convergent when — | 


<x<l. 
and divergent when x > 1 or x < — 1. 


со Ln 
8. Test the convergence of 5 = 
i m 


(M U 1966 H; B U ’62 H; Bh U '62 H) 
Let the given series be denoted by yup. 


[п +1 
Then u, — tn and и. = 


Solution. 


a (Qiu: 

Uy _ (n +1) (үл 

Ux п" EES 
— + (n4 1) HEA NNA 
ET Чаллы К). 


= lim ЗЕ, which :s greater than unity, as e lies 
2-00 Uni 


between 2 and 3. 


Hence, by D'Alembert's ratio test, the given series is 
convergent. 
9. Test for convergency and divergency the series 
bx 4 ах 2 ب‎ $X 4-....t0 infinity (x > 0), 
and find its sum when it is convergent, (P U 1957) 
Solution. Here Hg = 


— xt 


ny 
Apr ={_# ч) п+ 1 n(n + 2) 1 
Uns (с +1 x кы. 15 +2) ae E 
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If i > 1 ie. x< І, the series is convergent, 


If x > 1, the series is divergent. 
If x = 1, D’Alembert’s test fails. 
n n 1 


Then ил = "EST > оя = 3 forall п> 2. 


The series 4 + $ +++... >$4+44+44.... 
The series on the right hand side is divergent. Hence Sup is 
divergent. 
It is convergent only when x < |. 
Then jx? + jx?-- 8x44 $355... 
-ü = HA (1. Ф) + (1 – а (1 рлу... 
HOF + 8 E <<.) (= pot a ра) 
=(x + 8+ x8 х. )..) 
dux o ууа DD) 
= т2= + 102(1 — x) as х < I. 
10. (i) Test for convergence of the series whose general term is 
п" 
z 
(n+ 1) 
(Allahabad 1960; Delhi '55 H; B U '67 H) 


1 
Solution. Here the nth term, un = ——— —— ——, 


( + a 
n 
АИС РУЙ 
(ta) 
n 


es 
п 


Un 


D. L. R. A.-8 
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Jim uy” = lim Lo 
zt n0 1 = 
(жу) 
ie. iti aR CL N 2 E 3) 
n—> o e 


Hence by Cauchy's п? root test, the given series is conver- 


gent. 
10. (ii) Test the series for convergence 


m 2V {з N OA ONE 
(2-2) + ло) T 2-4) LE O. 
(В U 1957 H; Allahabad '41; Raj '55; Nagpur °57] 


Solution. Here the n'^ term, 
nii -n 
(* +1 ) nl 
n n 
n+ =n 
K + 1) = ( du 1) 
n n 
P nol a 
VUA -|( + 1) -(1 +} DI 
n n 


ES n+l 
lim up” = (e — 1), as lim (1 +4) EN 
no no n 


1 


ил 


ie. lim Wun = ! <1, а 3>е> 2 
no e-l 2 
Hence, by Cauchy's n^ root test, the given series is conver- 


gent. 
Problem-Set 4 


Discuss the convergency and divergency of the followin 
series— 8 


2 2.4 2.4.6 
Lita + gat FR co ©. 
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2. () 1 4- A ee + Ir beet. 
(M U 1972) 
OREO (M U 1971) 
EEL 1 2n — 5 53 
3. OF t Dia E ДЫ i. OOO, 
(x > 0) 


(P U 1954, *65) 


2 
ü) 1+5 +Ý +....to c, (x > 0). 
(B U 1964, 769; P U °44) 


Г 85202 па — (п — 1)? 
(ii) 1 +4 P EAS Mp cr eU 
+....to 00, (x > 0). (PU 1952, °56) 

(iv) 1 + 3x + 5x*+ T4. 9x'--....to оо, (x > 0). 
(MU 1964; Roorkee Engg. '70) 


x х? X E 
(v) а т 23 4 34 Ja aus F ....t0 оо, (x > 0). 


(R U 1965, °72,°74; P U °57; MU 215 
Gorakhpur Engg. 72) 


р 2x* T 3x5 пх" 

w + т + wte а tarit e (* > 0) 
(M U 1972) 

(vii) 2х+ ute Bet... eb A ia 0 
(x > 0). 
(Bh U 1969) 
(viii) $ + $x + XH x 19x*4-....to ©, (x > 0). 
(R U 1969) 


Ju Se S 
(x) 2+ Oa ag ас 3 зуд 70%, (х> 0) 


(В О 1966) 


116 DEGREE LEVEL REAL ANALYSIS 


(х) 1+ 8x4 $х®-- ұу? 4- gyx*-4-....to co, (x > 0). 
(B U 1965; P U '78; '85) 
1 1 


i = =r dt i ML Ж 
(xi) 1+ 2* SX Euge et рү 2 EOD, 


(x > 0). 
(Roorkee Engg. 1971) 


4. Discuss the convergence of the series whose general term 
(or n'è term) is the following (x > 0)— 


OF Ф010) 6 GH x D» 
(BU 1961; R U '65) 
(ij) 238 a y (В U 1969) (iv) e. (P U 1953) 
xt 
(uie ا‎ (P U 1963) 
SL. 


(vi) VEL у», (P U 1956) 
An? 4- 1 
5. Discuss the convergence of the following series— 


vee n 51 
O fap” ®>®. (B U 1957; P U '51) 


(ii) e =, for all real values of x. (P U 1958) 


nob. 
ЦЕРТ 
6. Discuss the convergence for x e R if a > 0— 


dr, a а e 
XUI" xa De GIRL хурда O 0. 


(M U 1964, '66) 


7. Test the convergence of the series for all real values 
of x— 


m x 
3 75 


ха x4 
+ 3s * 33 75 +....t0 o0. 


+ 


| 
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Фо yn 
8. Test the convergence of X aT 
1 і 
9. Examine the convergence of the series— 
косо (1 1 у" e 
@ > лу = (ii) 


3.11. More Tests for Convergence of Series of 
Positive Terms 


SET 
= logn” 


Theorem 3.15, Second Comparison Test. (M U 1963 H) 
Statement. If X un and у v, be two series of positive terms, 
then У uy will be convergent when У vw, is convergent if 
after some particular term —“# < Y» | 
Uni Yn-1 
Also Z up will be divergent when У v, is divergent if after 


some particular term - ^. > Je. 
иһ Vn-1 


Proof. Let the particular terms be u, and у}. 


CASEI. Let A < Ja, Us < Js 


—,. 


їй иш v 


Then t+ i Eus +.... = щ(1+@-„% eo) 
u t1 
= Ua Ua uz 
= «(1-8 + ta te +.) 
Угуу. Va Ve ; 
<u(14+% "cum p 


that is, Mh + us tiat... (уу va Уз +-....). 
1 


From this we can say that if = Yn is convergent, then Su, is 
also convergent. 


casei. Let % > J, 4 а 
ш У Ug Ya 
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Then s -+ us + +... шј ае...) 


Š шшш 
«(1+3 ds + 


> щі 1 + +з +...) 
з Va P1 


that is, u -+ Ua + Ug +....> (vı + va + Vg +...) 
1 
This shows that if X v, is divergent, then Zu, is also 
divergent. 


Note. This theorem can be enunciated in the limit form 25 
follows : 
The u-series will be convergent when the у-ѕегіев is 
convergent provided that 
lim —" > lim JZ; 
n>a Иң — f Ура 
and the u-series will be divergent when the v-series is divergent 
provided that 


Pide үл 3 
lim 2 < lim "s, 
n- Unis N>O Улф 


Theorem. 3.16, Raabe's Test. (M U 1963 H, ’70 Н; 
R U '69 H, °74 Н; Bh. U '64 H, '68 H; 

P U 51 H; B U ’53 H) 

Statement. The series Z4, of positive terms is convergent if 


lim = – )| gib 
n> Unis 


or divergent if lim bs — )| TE 
no Ung 
Proof. The given series is 
Uy + Us + Ug +o. ee + Un + Mg +....t0 00. 


Let the auxiliary series Xv, be X E 
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К 81 au 1 
ту = апа ju эстер 


We know that X v, is convergent or divergent according as 


p»or«l. 


Hence, by the second comparison test, the given series Sun 


is convergent or divergent according as 


Un Yn 


Uni Ул+1 


p 
m A ог E) 
Ey 


Иц 


P 
и 
"> or < i 
Wi n 


з Еш ex y калык. LX p 4... . toi бо, 
Unda 21 n 


4 


by Binomial Theorem 
Ea -1> ооа, oe 


Uni 21 
Un E р =) 1 
> n( A or «p DE pen: 0 oc 


> or <p 


=> lim Inf "n. 
п со Una 


: и 
> lim n( п. — | or <1. 
no Unt 


Hence the theorem, 


Note. (i) This test fails when the above limit is 1 
(ii) Apply Raabe's test when D’Alembert’s ratio test fails. 


Theorem 3.17. Logarithmic Ratio Test or LogarithmicTest. 
(Р U 1954 H, 57 Н, °%62 H; R U '64 H) 


Statement. The series Xu, of positive terms is convergent if 


. u; 
fim (» log —* )> 1. 
ni Uni 
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or divergent if 


is 


lim [res un | d 
n> Uns 


Proof. The given series is 
Uy + Ug Ug+....+ Un + Una 4...0 оо. 


Let the auxiliary series Xv, be iL. 


1 1 
Ул = — and Pra = ———.. 
METTI nU (n + 1)? 
We know that У ул is convergent or divergent according as 
ipt xor <p. 
Hence, by the second comparison test, the given series 5 un 
convergent or divergent according as 


Un > OL с Yn 
Uns Yn+1 
= Un > or (2 +1 ) 
Una ic 


Uns, 
и, 1 1 
= lg—- > or < = sete o) 
id Una "Vn 2n* 
u 1 
S ع0‎ >. ор < 1] + to œ) 
Uns Р n 


= Пт (пор s) Tot e p 


“Hence the proposition. 
Note. After the failure of D'Alembert's ratio test, the 


Logarithmic test should be applied to the series when л occurs 


as anexponent in 


Un 
Uns 
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Theorem 3.18. Cauchy's Condensation Test. 
(M U 1968 H, °70 Н, °75 Н, '80 Н: 85; 
Bh U '63 Н, '65 H,'67 Н, 69 Н, °72 Н; 
B U ’55 H, '59 H, '61 H, '68 Н; 
P U ’51 H, '54 Н, °58 H, '61 Н, '64 Н, '68 Н, '70 Н, 73H; 
B P С °83, ’80) 
Statement. If the function f(n) be positive for all positive 
integra! values of n, and continually decreases as п increases 
and if a be a positive integer greater than unity, then the two 
infinite series > f(n) and > a” f(a"), that is, 
f) + £Q) O+... +f) +....to оо 
and af (a) + а? f(a) + af (a) --....4- a? f (a?) 4-....to oo 
are both convergent or both divergent. 


Proof. As 5 f (п) is a series of positive terms and the 
convergence of a series of positive terms is unaffected by 
grouping the terms, let the terms of 5 f(n) be grouped as 
follows : 

CQ) + f(2) + £0) +..-.+f@} 

+ {f(a + 1) + f (а + 2) + f(a + 3) + ....+ f(a} 

+ {f@+ 1) + f (a*2- 2) Ff (a+ 3) +... (e) 

+ {f (a*4- 1) 4- f (a?7-- 2) + f(a*34- 3) +....+ /(а")} 

The number of terms in the nth group i.e. 

{Лап -14- 1) + f (a*4- 2) + f (a+ 3) -+....+ f(a} 
is (a”— a"), that is, (a — 1)а%-1, 

Since f (n) is a decreasing function, therefore, each term of 
the лё? group is less than f(a”). 

f (2734-1) + f (an7-- 2) - f(a134- 3) -.... E f (an) 
< a — 1) f (a1). 

Putting п = 1, 2, 3,.. ..successively, we get 

ЛО) +/(@% + I(4 +....+ f(a < (а — Ns, 
fa+ 1 + fa + 2) + f(a + 3) + ....-- f (ab) 
< (a — 1) af (a) 
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Adding, we get 
Z f(D — f(1) < (а— 1) > æ f(a) + (а — f(D. 
> f(n) < (а — 1) У af (a) + a f (1). 
If 3 a* f (аз) is convergent, then (a— 1) Z a” f(a”) is 
а convergent series of positive terms as a > 1 and as af(1) isa 
finite number, 5 f (n) is also convergent. 
Again each term of the nth group is greater than the 
smallest term f (a?) of this group. 
Хаз 1) + f(a 2) + f(an34- 3) +. ++ f(a") 


> (a—1)a"4(a) i.e. i ату (a^). 
Putting n = 1, 2. 3,... . successively, we get 
ГОЛО) УИ) +... (а) > Lafe, 
f (a 4- 1) - f(a + 2) + f (a 4- 3)+....4 f (a?) 


> 21 aay, 


dab se ger 
Л) S > 21 y ауа). 


If У ау (ал) is divergent then £ = X апу (а^) is also a 


divergent series of positive terms (** a > 1) and consequently 
> f (n) is also divergent. 
Theorem 3.19. (An Auxiliary Series for Convergence) — 
Statement. Prove that the series 


1 he 1 1 i 
2(log 2)? ` 3(log 3)» Tee ndog nj ^ 0 œ 
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Solution. Let the n** term of the given series be denoted by 


Jin). 


Then f(n) = BE . Clearly n(log п)?, p > 0 is positive 


and increasing. 


Also if p « 0, орлу? is positive and increasing for m 
increases at a greater rate after some stage than (log ny, k > 0. 
Thus f (n) is positive and decreasing for all p. 

Let a be any positive integer greater than unity. 


= ud 1 
Then a®f(a") = а". ROTO 


т 1 Py: 1 
Е N loga)? _ m*(log a)? 


1 


1 21 
8 ey пов ајр (ова? к 


eo 
But X + is convergent or divergent according as 
=l 
р>1 ог p <1. 


Therefore 2 a”f (a”) is convergent or divergent according 


авр>1 or p< 
Hence, from iS s Condensation test, the given series 


1 
X f(n), thatis, > allog n)? 
is convergent if p > 1 and divergent if p < 1. 
Theorem 3,20. De Morgan’s and Bertrand’s Test. 
(Bh U 1964 H; R U '67 H; 
P U ’50 H, °53 Н, 62H; B P S C ’81) 
Statement. The series, whose general term is tn, is 
convergent or divergent according as 


im | GE -1)-1| en |> 1 or <1. 
fi Und 


Proof. The given series is 
Uy + иә + ug H.... + Un + Unis +... ЛО со. 
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Let us compare the given series with the auxiliary series 
У va, which is 


1 1 1 
ی + و‎ аш fee et کک‎ ves sto оо. 
zn Alog 2)? ' 3log 3) ar г n(log n)? ts 
We know that this series is convergent or divergent 
according as p > 1, or < 1. 
Here vn = Б эй, and Vay = Austral E ر‎ 
n(log n)? (и + I)(log(n + 1)}? 


Hence, by the second comparison test, the given series X un 
is convergent or divergent according as 


Lon SS ay" ed ELE. 

Una Vna 
к сше A у» (=) log(n + 1) |” 

Une logn 

? 

: LEGE) 
LO EO <(1+ П г) п 

Unt ro ТЕЙ 


? 
1 logn + ові + + 
> ——> or <(1+1) UON CT S 


ип AT 1 
taro (o D a. 
ЕД 
1 
* 5н Ж) 
ип 1 
ma OF NS 4 
Unt i <( Fr IE 


ht) 
2п2 logn ' 
by Binomial theorem 
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p 


1 P 
nlogn ' 2nlogn TE 


m NEL гер a 
| Uni n 


Un 
Unti 


> п 


-1) > Or сыре pec pp. 
Чой ^ "nlogm. U 


un P a 
=> ni — —1 — 1410, B Ee 
{ i ) | gno. or «p + 


> lim KE = - 1} oe | > or <p 
2-00 Unc 

lim [}» E 1) - н> or <1. 

п--%0 Unda 


| Hence the theorem. 
Theorem 3.21. Higher Logarithmic Test. 
Statement. The series X us of positive terms is convergent or 
divergent according as 


` иһ 1 
lim n log — — 1 da t or < 1. 
ип 


V 


т> + 


Proof. The given series is 


Uy + Ug + Us + .... Un T Uni +....t0 ©. 
Let us compare this series with the auxiliary series = Vn, 
which is, 


r 1 1 
س‎ SE wt -= 29.0 - 
1 + дов 27 ' Xiog3 ^'^ овп)? 2i 


1 1 
Неге = = . 
FROM n(log п)?” ала nes (п + Iloga + DP 
We know that X vs is convergent or divergent according as 
p»1or <1. 


Hence, by the second comparison test, 
is convergent or divergent according as 


the given series > un 


Уз 


Mn OBI 


Unis Уљ+1 
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p 
А зза рор) 


Uni n log n 
2 
1 
u 1 еміз) 
cuis. ES E i) ا‎ 
с=з т рсы 
т 
do» or <(1+ 101+ 0 
Un Ё EE 
Ша > ог «(I uum.) 
Una 
by Binomial theorem 
um Sor 28 жер Lae 
Unis n  ndogm log n 
Un Те р р 
0 ا‎ ad A — 
DDR wee «mre T nlogn ' mlog п 
E1299] 


1 Р p 
EE ру s 
nt nlogz ' log r 


n 


u 
nilog—* > or <1- p 
P Hays д 7 сеш 
SEER MPN. 
n4i log n nlogn 


li log "^ _ 
Merl fe 5 Uni i hes] 2; TOL <р 


lim [| - 1} teen] > or < 1. 
"nc 


DITS огу SDE о 
п 


Hence the theorem, 


Theorem 3.22. Kummer's Test. 
(М U 1965 H,'67 Н, '69 Н, 72H, 74H; RU '69 Н, °73 H; 


B U ’72 H; PU 67 H, 70 H, "72 Н) 
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Statement. Let 5 un and > i be two series of positive terms 
n 


and let > 4 be divergent; also suppose that 
n 


Un 
Unt 


Yn = dn — dny; then, 


(i) if a fixed number К can be found so that after а certain 
stage, say for n>m, Yn > К> 0, the series Zu, is 
convergent; 


(ii) if vn < 0, for n > m, the series > us is divergent. 


Proof. (i) We have vn > k > 0, for n>m 
Un 


> d. — dni, > k, for n >m and k > 0 

Unt 
=> daun — dniai, > Кит, for n > т and k > 0. 
Putting m, m + 1, m + 2,...., n — 1 in succession for tt 


in the above inequality, we get 
dm Um — dan tima > Kum+1s 
= 
- 
daaim — тз на. > Китаз, 


а, V ae ить 
= > Кит+зъ 
m+: 
Яра а, 


Adding, we get dmttm — dnun > k(Um+ı + mss + mas + 
.... Un) 


=> Uma + Ит+а + Umia T... 1 Un 
< A (dmim — daun) < T dmum 
=> (u+ ug + ug + .... Um + Uma +.. ..- un) 
— (u + e + s+... + шы) < Û dmim. 
If S, be the sum to n terms of X us, then 


се Lanun 
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= Sas mi T аи, which isa fixed number. 


Hence X us is convergent. 
(ii) We have vn < 0, for n > m 

de RE — days < 0, forn =m 

Una 
=> dnin — dean. < 0, for nz m 
= duun < дауа, for n > т. 
Putting m. m + 1, m + 2,...., п – 1 in succession for n 
in this inequality, we get 
dmUm < Anima < .... < data 


dan > тит; 7. Un > datin & 
dn 


© © 1 
X Un > dmum X —. 
n=l n=l dn 


Now dmum is a fixed number and Ў 1 is divergent, 
021 dy, 


e 
therefore z un is divergent. 
n= 


Note. (a) If уз > 0 we cannot find k so that v > k > 0 for 
n > m, and the test fails. 

In part (i) of the test, > 1/4, need not diverge; in fact, dy 
may be any positive function of n. 

(b) Limit form of Kuümmer's test 

If 51/4, is a divergent series of positive terms and Xu, isa 


series of positive terms (> 0) and lim Co - d) = 1 
п-»© Uni 


then Уи» is convergent or divergent according as 
1>0 or I1«0. 


3.12. Deductions From Kummer's Test 


The following tests can be deduced from Kummer's Test. 

(i) D’ Alembert’s Ratio Test. (P U 1970 H) 
Put 4, = 1 in Kummer's test. 

Clearly Kummer’s test is applicable as 5 d, is divergent. 
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у= ШИР 
Чат 
Hence Sup is convergent if lim“. > 1 
n2 Und 
and Xu, is divergent if lim Ê < 1. 
n>0 ln41 
(Н) Raabe's Test. (P U 1970 H) 


Put d, = n in Kummer's test. 


In this case Kummer's test yields as zl is divergent. 
n 


dy =n +1. 
= 2M - t= (> 1) = 1 
Unt Wn43 
Hence Xu, is convergent if lim i На | > 1 
n+ Un+1 
and Xu, is divergent if lim hi 208 = D) EX 
" no Uni 


(iii) De Morgan and Bertrand's Test. 
Put 4, = n log n in Kummer's test. 
In this case Kummer’s test yields as > i is divergent. 
n 
dua = (п + 1) log (1-1) 


= (n + 1) log (+1)! 


per 


nlogn + logn + (п + 1) log (1 + +). 


1 


Un 
Yat 


vs = n logn. — nlogm — logn 


=(n + 1) os g i) , 
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- n log (E = 1) = logn — (n + 1) log(1 +4) 
=|" ze 1) ове = e оц *) 
Unt 
1 
= 215) 1 = SE 
= |е, 1) 1 | ogn nfi z Ii „| 


1 1 


Hence их is convergent or divergent according as 


im | [r (E ЕЕЕ 
n> Unt 
Theorem 3, 23. Gauss’s (Ratio) Test. 


(M U 1972 H; R U '68 H; Bh U '62H; B U ’85; 
PU 66 H; 71H; 73 Н) 


Statement, If X и, be a series of positive terms and if —“ 


Unti 
can be expressed in the form 
Un 4+ 4 4 Dn 
Unti p nv 


where p > 1 and | р, | < a fixed number k or (in particular 
b, tends to a finite limit as п + оо), then zw, converges 
provided a > 1 and diverges provided a « 1. 


Proof, We have 27. = 1. Z 4 bn, 
Uni n n? 
> lim-" = 1, as |b,| < k and p » 1. 
no Unt 


Hence D’ Alembert's ratio test fails. 
Now we shall apply Raabe's test. 


Е дер ы 
Uni QD 
u А 
= n( ш а iba 
Uns, 
=> limin = a, as | bn | < k and p» 1. 
пәс (£ - 
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Hence, by Raabe's test, У и, converges if a > 1 and diver- 
ges ifa < 1. 


If a — 1, then Raabe's test fails. 
Now we shall apply De Morgan and Bertrand's test. 


Unty п m 
LE) ү ыу 
= (t. 1) =1+ EE 
Un _ Pres 
=> (се. 1) 1 = BER 


=> lim ЕЗ - 1) - 1 hes] = 0, 
n> Un+1 


which is less than unity, 
;, bn log n 

mm tes 
and p » 1. 

Hence, by De Morgan and Bertrand's test, X и, is dive- 
rgent. 

Thus the proposition is established. 

Note. (a) Gauss's test can be enunciated as follows : 


(i) If X up is a series of positive terms and if 


= 0, (see note (b) below) for lon | <k 


dan Lp Ba, As. 
Un n me 
where и is a constant, A > 0 and A, is bounded, then > иһ 
converges whenever и > 1 and diverges otherwise. 


(Bh U 1970 H; B О '58 H, '60 Н; '63 H; P 0 '55 H) 


Here A. = P bee 
Uni = By An 
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u А У 
[e-e] 


afiks = 


1 


Now proceed as the proof given above. 


Un 


(ii) Suppose that 4, > 0. If can be expanded as 


Trl 
u B 
ane arr c fme 
Und n n 


where a, В are constants, A > 1, ил is finite for all values of п, 
then the series Xu, is convergent, if a > land divergent if 
(ise IR 


If a = 1, then the series is convergent, iff > 1 and diver- 


gent if B < 1. (R U 1966 H) 
Here lim Ê = о, 
no Unty 


Hence 5 u, converges when a > 1 and diverges when a < 1, 
by D’ Alembert’s ratio test. 

If a = 1, this test fails. 

Now we shall apply Raabe's test. 

Hence proceed as the proof given above. 


(b) Jim us = 0 where k > 0, for we know 
> 


i gn _ 7 loge? —,. x А 
УО ЕНЕ gia gis Gag тее] 


ind = [ку (ky te rooms 6 
T kx + D SE t 180 а 


> GE where m is a fixed integer greater than 1. 


WE mud 


x 


xmi 
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If x increases indefinitely, хт-1 also increases indefinitely 


А А iz 
asm is a fixed integer > 1. So £Z > œas x > o. 
$ s 


А х 
Consequently гю Р? 0 as x +> co. 


3.13. Working Rule for selecting Tests to Examine 
Convergence of Series 


By observation check whether the series is of positive terms. 
(i) If so, then find lim up if possible. If the limit is not zero 
n> 


the series is divergent. 
(ii) If lim иһ = 0 apply comparison test. If not possible, 
noo 


apply the D’ Alembert’s Ratio test (specially in case of series 
containing powers of a variable). 

(iii) In case lim “= 1 apply Raabe's test or Logarithmic 

n-o Ung 

test in particular when n occurs as an exponent in terms. - 

(iv) If Raabe's test fails, apply De Morgan and Bertrand’s 
test and if Logarithmic test fails, apply Higher Logarithmic test. 

(v) If the terms are monotonic decreasing (particularly 
containing logarithmic function) Cauchy's condensation test 
Should be tried. 

(vi) If the series does not contain powers of a variable (or 
when D'Alembert's test fails), Gauss's test may be applied. 


WORKED OUT EXAMPLES 


1. Examine the convergence of the following series. 
(п + 1)(л + 2) 
(n+ З)(п + 4) 
(Lucknow Univ 1961) 
Solution. Let the given series be denoted by > us. 
(n + Dn + 2) 
(n 30 4 


2 


Then un = 
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@+2(n + 3) 
and uma = Gt ayn 5) ` 


lim 


Hence D’Alembert’s ratio test fails. 
Now we apply Raabe’s test. 


Un _ @+1m@+5) _ _ m+ 6n+5— ni—6n—9 
Unda (a+ 3% (п + 3)* 
4 


E (e. -1)- = 4л = c 9 
Un+ n? + 6n +9 ا‎ 
i ++ а 


=>. lim « uE )| — 0, which is less than 1. 


nao Und 
Hence, by Raabe's test, the given series is divergent. 
Second Method : 


_ (@+1@+2 _ (1+ J+ 2) x + 2) 

2003304) (1+3 T DIC hs “(1+ 301) 
Ge 2) 
(x3) 


‘Un >1 + Owhenn > со. 


Here иһ 


The necessary condition for a series to converge is that 
иһ >0asn > æ.. Hence X un is not convergent. But a series 
of positive terms will either converge or diverge. Hence Y us is 
divergent. 
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Third Method : 
1 5 
т Tem „Уб 3 >) 
Unit (+) 
п 

6,5 зме 

-( гг alt +3) 

02-90 -224 E) 


=1+— 94 a(- 4 terms containing, L etc. 


TE stie тэуел 


By Gauss’s test, the series is divergent as a = 0 « 1. 
y g 


Fourth Method : 
лан 
+2 
CM 


Let vn = 1. Then lim 2% = 1 which is finite non-zero. 
n-o Vn 


У un and Уул converge or diverge together. 


But Sv = Z 1 = Ix is divergent as p = 0 « 1. 


> ил is divergent. 
2. Test the convergence of the series whose n‘? term un is 
given by 


| 
2.42.6... n — 2)°. —" 
| Ne Ra ( H) 
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22.42.62... (Qn — 2)? 


xen 
Solution. Here un = жа (On — 2)(2n — 1) 
22.42.62. :. .(2п — 2)2.(2п)? xmi, 


and una = 335... Qn — 2)0n — DOMO 1)” 


us _ 22n + 1) 1 
ип Q) x 


Hence, by D' Alembert's ratio test, the given series is 
convergent or divergent according as 


1 1 
ыо сы 


> Cl ог Xe >1. 
If x? = 1, then this test fails. 
Now we apply Raabe's test. 


Un үч Оле "ү es 
Ип+1 2п 2п 
[A ] 
n—--—1)-2-— 
x Una ) 2 
= lim {n( ED E Iz which is less than unity. 
n0 A 


Hence, by Raabe’s test, the given series is divergent 
when x? = 1. 

3. Test the convergence of the series 

i Gic ATOR АА 
ООО AG FD I OES MOR E 0400" 
(P U 1950 H; BU '53 Н) 

Solution. Let the given series be denoted by Z us. Without 
loss of generality we can assume x > 0 for if x is negative, all 
the terms will be negative and so by taking negative sign 
common it will be a series of positive terms. 
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ale 
| 


жы LBA 5 AES MES mol а 
n+ DAG aa ES A ag 


— _ 4n(4n + 2) Hr 
` (àn—-3)4n- 1) x 


(+3) 1 


; и 
=> lim SN 19 de 
n0 Uny x 


Hence, by D’Alembert’s ratio test, the given series is 
convergent or divergent according as 


=>! or 4<! 


=a Sal Ore at 

= јоз 
When х®= 1, then this test fails. 
Now we apply Raabe's test. 


ЖИ ER 4n(4n 4- 2) en 
mma Gn — 3n — 1) 


16n?-- 8n — 16n?+- 16n — 3 
(4n — 3)(4n — 1) 


24n — 3 
(4n — 3)(4n — 1) 


Hac Солуу 24n*— Зп 
d (а= 1( = چ‎ 5 
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3 
x 24—— 


( T 


: и 24_ 3 
US (Gs 5 )j-&- 2 
which is greater than unity. 
Hence, by Raabe’s test, the given series is convergent when 
x= 1< |x| = 1: 
4. Test the convergence of the series 


1 +a aD ECE) + ....10 00. 


Solution. Clearly for a given value of a (positive or 
negative) it is a series of terms of the same sign after some 
stage. Omitting the first term of the given series, as this does 
not affect the convergence or the divergence of the series and 
denoting the series by Sun, we get 
E ae = аа 


N 1.2 
= a+ 1)(а --2)....(a 4- n — 1)(a + n) 
MEE 737029: RASD 
ae 
Du кл Bs it s. e. 
Uni a+n = Б] no lin. 
Hence D’Alembert’s ratio test fails. 
Now we apply Raabe's test 
n е EEE = 1-а 
Uns а+п а+п 


1-а 
2 (= -1)- 
nd dtu] 
n 


=> lim | LE )| -1-a. 
n> Unt 
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Hence, by Raabe’s test, the given series is convergent or 
divergent according as 1 — a > 1 or 1—a«l 
=> a<0 ог а> 0. 
If a = 0, then the given series = 1 + 0+ 0 +-.... = I. 
Hence the given series is convergent when a — 0. 
5. Test the convergence for positive real values of x— 
x*(log,2)?-+ x*(loge3)? + x*(loge4)?+ . . ..10 co. 
(P U 1961 H; B U '61 H, '64 H; R U ’62 H, '64 H; 
M U ’73 H) 
Solution. Let the given series be denoted by У us. 
Then ил = х"+{1ор(л + D))? and из = x*"*(log(n + 2))? 


u& _ 1 login +1) |” 
Uni Хх [loge + 2) 
1 log((n + 2) — 1} 
VO ~jog(n + 2) И 
1 [ele 2(1 efe+2(1- uy 
xs —— ор(п + 2) 
2 
[ae (tz) | 
IDE log(n + 2) 


1 Р 
1 ДАЕТ PEA — س‎ .. 
ae | 1- rT Dogar 2) 2+ log: + 2) | 


= 1 Рене кг? керы D 
Ux | р, {л F Dlog(r + 2) 2a + 2Ylogin + 2) | 
by Binomial theorem 


TE 1 
> li 78250 
no Un х 


Hence, by D’Alembert’s ratio test, the given series is. 
> 
convergent or divergent according as x < 1 or x > 1. 


If x = 1 then this test fails. 
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Now we apply Raabe's test 


LE 


p Dmm d. 
su ^ @+ Dlog@ + 2) 2 4-2Yylog(n + 2) 


Р. 
€ гр NE eee ne е sls 
( m 3 log(n + 2) (1 d >) юв +2) 
> lim СЕЗЕ )| = 0, which is less than 1. 
noo | Wa 
Hence, by Raabe's test, the given series is divergent, 
when x — 1. 
6. Test th (т ү 
. Tesi the convergence оў I (; T1 ) › (х> 0). 
(В 0 1959 Н) 
Solution. Let the given series be denoted by 3 up. 
n 
nx nx 
Then ил = ZI) (14 p and 
(n+ mana 
AFI аас 
(n + VILIS 
EN м (п E 2) п" 1 
Unis (n+ 1° (nF р Oy 
_ (+1 + рт Wal 
Grae Ass + 
1 п+1 1 
= 1 
(iR) MER URS 
n 
=> lim Un е ъл gal 
то Un43 e ix x 


Hence, by D'Alembert's ratio test, the Biven series is 
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convergent or divergent according as 
a 2-1 or 1 <i 
55 х 
=> x<1 or х2 1. 


When x = 1, this test fails. 
_ Now we "n logarithmic ratio QE 


т 
а. log (14 : EET -ve(1- 1) 


1 1 
= (n+ 1) es Sea 9) 


1 1 1 
zai ors ar ám CUBO s) 
Ё 1/2 e E Yor) 
[=e t 


which is less than unity. 
Hence, by logarithmic ratio test, the given series is 
divergent when x = I. 
7. Examine the convergence for x > 0— 
2 3 4x 
=~ о ЕДО" DUBIO SE 

(B P S C 1978; Lucknow U '46; Rajputana U '58; 
Agra U '63; Roorkee Engg. '79) 
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Solution. Let the given series be denoted by 5 ug. 


Then иһ = тт and иһ = (п Dee 


(4-1)! 
Un _(n+1)! п"х" 
Uns n! (п Tuna 
піп + 1) п" 1 
п! AFDAFD x 


n 
n 
> dim. = 1 ag ij 1 
n>a Unt, ex’ as Bm ( i 1) TE 


Hence, by D'Alembert's ratio test, the given series is 
convergent or divergent according as 


х= 1 then this test fails, 


Now we apply logarithmic ratio test 
и 


e cT 
na ib п.е 
Ga 


= log ат — loge — nlog (1 + 1) 
п 


== Моо 


V 
B 
E 
o 
са 
= 
“М.У 
Ш 
юе 
= 
E. 
S 
= 
o 
а 
ре 
E 
B 
[= 
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Hence, by logarithmic ratio test, the given series is 


divergent when x = I 


8. Test the convergence of the series when x > 0— 


еы CLIP tL GEM sito о. 


Solution. Clearly for all values of a, it is a series of positive 
terms after some stage. Let the given series be denoted by 
Уил. 


Then dis e Barman and us, = (СЕ (т + Ixy 
n! (п + 1)! 
шь (а + nx)? (n + 1)! 
Usu {a+ (n+ DxpH^ mn! 
n 
mali + & 
Р ap рн 1+ = 
(п + 1)х 
эз} a 
"ndis a z 
ылы 
1 SI a 
dcs 3 eds 1 (ny E 
ee) 
a 
Li 
е ^t ems tu 
ИШ п ТЕ, XC. ex 
z 
e 


Hence, by D'Alembert's ratio test, tbe given series is 


convergent or divergent according as 
T >1 or Ж cai 
ex ex 


> x«l ог x» lje. 
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iq rts then this test fails. 
ex e 


Now we apply logarithmic ratio test 


rat ts ECON m. 
eG Gay 


> = loge + n iog (1 + € = ntog(1 ++) 
- (+ ا(‎ (1+ ае) 
ICT PIE D 
Mesi.) 
е - 1g + *rwr»-] 
> пове. = ( 300+ 100 - ) 


= dum n log — 


SI Esq A! ed £i 
ius zy» ENT 2 a5 
which is less than one. 
Hence, by logarithmic ratio test 


the given series is 
divergent when x — і 
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9. Test the convergence of ihe series whose nt^ term is 


given by 1 
us = 1 135. ..Qn — 1) (zu) 
2.4.6.. ..2n a+1f/ 
(B U 1960 H) 
A = )13.5....(2n — 1) 
Solution. Here us — [Bie DI) 


2.4.6....2n(2n + 2) n427 


"Tus "(2x5 n(n + 2) 

"dag Мл+1/` a+? 
_ CES n(n+ 2) . _ _4n(n +2) 
“Rr (nc) manyl 


EC 


Н ЕМИ 


А nc | Seer) (nts 


> lm — e 
по UA+1 


Hence D'Alembert's ratio test fails. 
Now we apply Raabe's test 


‚Тв Mew 4f-8n — AN 
a! Er dra 4ni4- 4n + 1 dnt + án 1 
ge 1 


) gee ат 
= (m 4n*4- 4n + 1 лет 


=> lim К ш = ) =i: 
noo Uni 
Hence Raabe's test fails. ; 
Now we apply De Morgan and Bertrand's test 
4—п {б = 51 


= 
4 -1) -l= Gap an + 1 ап 4п +1 
cm 


D L. R. A.-10 
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= 5—п_ logn 
Un — = =—— , 
x Се =) j Der- mayanpi m 


ип рз RS 
= im he E 1) — | log J = 4 х0 = 0, 
which is less than unity. 


(s lim 1087 -9) 
N->00 n 


Hence, by De Morgan and Bertrand’s test, the given series 
| is divergent. 


10. Test the convergence of the series (x > 0)— 


К 2.44 ,, 22.42.62 
1+ з + aU ET toto о. 


(M О 1965 H; P U '73 Н) 

Solution, Leaving the first term of the given series as this 

does not affect the convergence or the divergence of the series 
and then denoting the series by Уил, we get 


22.42.62.. . .(2n)? 


= л 
“m= BEF On 1p and 
usn = ОШООО КОЕН 


32.52.72... Qn + 1) n + 3p 


DY 
иь (2n +3} E? 1 


usu (Qn +2) ° x Tres 


> Im” = ЕЯ 
no Uni х 
Hence, by D'Alembert's ratio test, the given series is 


convergent or divgerent according as 
1 > 1 or 1 <1 
х х 


SX ИТОГ x i 
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If x — 1, then this test fails. 
Now we apply Raabe's test. 


te qn 3* qu Ans 
mı Qn + 2) Qn +28 


жы, (клу 


- ье) 


Hence Raabe's test fails. 
Now we apply De Morgan and Bertrand's test. 


nf in -0)-1:- _ +S" CQ 3-4 
ип BV ES (2л + 2)? 


— 3n?—4n logn 
> — 1) logn = —— ——À 7 - 
"(= - ) | duc c) T 


4 
EAT БЕЯ ЇЙ QOS 


ea? 
= lim К Un -)-1 gn = -4x0 =0, 
n0 Un43 
which is less than unity. 


(s lim PE" =o) 
no n 


Hence, by De Morgan and Bertrand’s test, the given 
series is divergent, when x = 1. 
11. Prove that 


5 
ип -1)= >= 1+ an 


1 a, 13 да+1) | 135 a Ia +2) 
1+5: 34 ° b+ 1)  246Bb- 1542) 
+....t0 0 


is convergent if b > a--3. What happens when d A t du) 
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Solution. Leave the first term as this does not affect the 
convergence or the divergence of the series 


Let the given series be denoted by У un 


terms after some stage. Now 
mE 1.3.5....(2п — 1) 


К a(a 4- 1)(а 4- 2).. 
2.4.6....2n b(b + 1)(6 + 2). 
and unis 


Clearly for given values of a and b, it is a series of positive 


„да+ п – 1) 
.(b+n— 1) 


_ 1.3.5..(2n — 1)(2л + 1) a(a +1) 
2.4.6. .(2n)(2n + 2) 


(an — D(a + п) 


B+ 1)....(b--n— D(b + n) 


1 b 
ма 22242 ben tg 1+ 
ит 2n+1° a+n acl june 
on ees 
= бш m 
n->o Unt. 


Hence D’Alembert’s ratio test fails 
Now we apply Raabe’s test 

Un _ Qn + 2)(b + n) «91 

Unit (2n + 1)(a + n) 
= 2nb + 2n*- 2b + 2n — 2na — 2n?— a — n 
(2n + 1)(а + n) 
_ "(2b + 1— 2a) + (2b — a) 
Qn + D(a + п) 


2 m(2b + 1 — 2a) + n(2b — 
(= - у= (2n + 1)(а + 5 2 


I Re TM MEA 
(iym D) 
Ahn ` 
= lim f- | = 2b -- 1 — 2a 
no Unt 2 E 


CONVERGENCE OF SERIES 149 


Hence, by Raabe's test, the given series is convergent or 


divergent according as 


ис ог ыыы „| 


=> 2+1 -24 >2 or 2b3-1—2a «2 
=> 2b>1+2a or 2b < 1-- 2a 
^ b>a+ + o b<a+}h. 
If b = a + + then this test fails. 
Now we apply De Morgan and Bertrand's test. 
Un ор a 2 п(22 – а) || 
n( x 1) UNEA 
_ 2n*4- n(2b — a) — 2na - 2n? — a — п 
(2n + 1)(a + n) 
|n2b—a-—-2a—1)—4 
=- Qn 0 n) 


` —an—a 
= Qno ya nm 


= an?— an logn 
= (em F 1) 2 ) 08" = Qul atm) om 


п+1 
DS MZ m, logn 
e» 
n n 
=> lim nf ЕВЕ 
n Uni 


which is less than 1. 
( Tim 28 п = о) 
xo ЭП 
Hence, by De Morgan and Bertrand's test, the given series 
is divergent when b = a + 3. 
12. Examine the convergence for x > 0— 


a 1 aa + 1(а+2)...(а+пь, 
$ E666 Bb РЕ 2)....(5-- ny. 


(P U 1959) 
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aa + 1)....(a--n — 1) „ 
Solution. Here us ACD RTT É 


b 
т un — bin Rim ER ue 
2 ATE, a+n x трах 
п 
тат 
no Uni х 


SIEG mI, pg tn 


> 1 and the series is convergent. 


If x 21, Lt ,"^. <1 and the series is divergent. 
nao Ип 


If x — 1, and a> p, = 
Una 


As the series is of positive terms and 


<1, Le. Un; > us for all n. 


Unii 2 Un > Un-1 >....> us, 
Uc Из -Е.... > пиу where п > oo. 
But nu, > со as n > co. 

.. Xu is divergent. 


If x = 1 and a <b, 


аЗ рт р аа 
Und a+n а+п` 


. un _ i n ives 
SH (e. 1 quA (b — ay; 
Lt nf ге -1)=b-a. 

nc \Wn+ 


SO OD атт тт ( ua DE and so by 
n-o Una 
Raabe's Test the series is c 


limit is less than one and henc 
If b 


onvergent and if b < a — 1, the 
е the series is divergent. 
= а-- 1 we go to De Morgan and Bertrand’ 


Now. поа. п) 1 = 44 
Vna ап 


S test. 


—a 
а-п 


2 
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= lim С Un _ 1) Бы i log J 
no Uni 


= — lim g lim logn 
n>] + 4 n-o n 
n 
=—ах0=0<1. 


4 Hence, by De Morgan and Bertrand's test the given series 
is divergent when b = a + 1. 
13. Examine the convergence of the series (x > 0). 
a(a + 1)8(8 + ys 
1.2.17 +1) 
‚ aa + 1)(a + 208 + DB 2) уз... 2 0 
E 500707 oes Qe 
(Sagar U 1949; Allababad U '39; Roorkee Engg 71; 
PU'49H;BU'55H,'57 H, ’59 Н, '68 H; 
Bh U'65 H, 74 H; MU 10 H) 
Note. The above series is known as hypergeometric series. 
Solution. Clearly it is a series of positive terms after some 
stage for allo, B, т. Omitting the first term of the given series 
as this does not affect the convergence Or the divergence of the 
series and now denoting the series by > ип 
о(а + 1)(a + 2)....( 7" = 1)6( + 1(8 + 2 
OES 1) 


1 s 
1:7 


we get 


v TAA ONES SESSEL E 
ur 5 лт FE DAD 


апа 


(atn Dac p(B + 1) 
T а(а + D)... (a7 7 D DUBII RS 
n+ = 1 
1.2....n(n + Dy + Dra v 
1 Y 
SEES leis 
Un _ (n+ DO + п) A 1 ji 
nai (а + п)(ф + л) x (38 
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Hence, by LI"Alembert's ratio test, the given series is 
convergent or divergent according as 
an >1 ор 1 «1 
x x 


== <l огах 
If + =1 ie x = 1 then this test fails. 


Now we apply Raabe’s test. 


Un = (n+ 1)(у + п) tri 
Une ОП (a + nB + n) 
= HY n’y +n- of — an — Bn — nè 
ca Sear E pn — n* 


(a + nY(B +n) 


by nf un )- a1 + y — a — В) + (у — apn 
Ип (a + n)(B + п) 


Tyee 


+ (393 


= lim h( Не = 1 
c bens 1 1+т—=—а@—р. 
Hence, by Raabe’s test, the given series is convergent or 
divergent according as 


Il+7¥-a-B>1 or l+y-a-p<1 
m oW ICT BIMA Vicia: B. 

If 1--r—o0—B8-21 ie, Y = a + B, this test fails. 
Now we apply De Morgan and Bertrand's test, 


nf Е \)-1 = Dr n(r — ap) 1 
UST (а + л)(в + п) . 
= П ny — af) — aB — an — Pn — nè 


(a + n)(B + л) 


= "Y = of — a — В) — of 
(a+ n)(B + n 
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ENTE 
TE (a+ meen)? т=а-ЕВ} 


3d 1 Чор = пор аре 
(E - )-: j| вл (a + n)(B + n) login 


= map— nop logn 


= uHe n 
aß 
EE logn 


(++ (1+ | («302 "m 
=> lim I ип ша 1)-1 oe] = —ap0=0<1. 
no Uni 


(es lim 198% -0) 
n+ n 


Hence, by De Morgan and Bertrand’s test, the given series 


is divergent when y = «+ P. 


Note. The case of x — 1 can also be examined by Сацы 


test as ~ Un = Dore) (2+9) 
сааса (>). 


= к-3 1 [ 

14. ]f 4 оп Ат + BED. where k is a 
л ПЕП ank 4- bnk? ...... 

ow that the series Xun is convergent if 

rgent if A — a — 1 is negative or 


positive integer, sh 
А — a — 1 is positive and dive 


zero. 


k Ank + Bn*3 fF .... 


А Un _ п” - = 
Solution. We have mH nep an bnt= +... 


1+ Aln + Bin?  .... 
TF ant 5]? TF 


— 1. Hence D’ Alembert's ratio test fails. 


> lim 
no Ип+1 
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Now we apply Raabe's test. 
Un 1 = A—ankt + (B—b)nk? +... 
SM nk + ank 4- ppt BL... 


Д COE 1) = (A—a)n* + (B—b)nk +, 
ОРЕ nk + ane SNES 4:227. 


(4-а) + —(B— b) 


nd b 
E a 


= im | С) а-а 


n> Unit 


Hence, by Raabe's test, the given series is convergent or 
divergent according as A — a > | or A-a<l. 


е. Аа MS O Or А —а—1<0 
If A — a = 1, this test fails, 
Now we apply, De Morgan and Bertrand's test. 


RN “Ж ЕЛЕЕ (BS bn В 0 x 
(s ) ve nk + апк-1 -- д2 SENE 1 
(B = b — ajn- +... 
në + antt 4 bnk- ү 


Cy 1) — овп = 1 G- b - a) +... logn 
Ипа Ar Н "n 


пк -- апі... 


=(B b — ахо 
- 0, (в lim 108” _ 9 
no n 


which is less than 1. 


Bertrand's test the given series 
— 4 — ] is zero. 
15. Test for con vergence the series пу 


Hence, by De Morgan and 
is divergent, when 4 — а= 1, А 


"hose general term is 
n 


——— 


x 
М1овп 
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-l 


Solution. The given series is X > 
М1ор п 


that is, X RETE 
n (log n) 


We know that X pa «30; convergent when p > l.and 
n (log n)? 


divergent when p « 1. 
Here p — 3 which is less than 1. 
Hence the given series is divergent. 
16. Test for convergence the series 


у logn (M U 1967 H) 
п=з- n? 


Solution. Let the given series be denoted by > f(n). 


Then f(n) = ber u 
CASE I. Let p < 0 and p = — m where m z 0 
Then lim f(n) = lim (log n.n?) = oo. 
no n0 
Hence the given series X f(n) is divergent. 
CASE п. Let p > 0. 
Then f(n) > 0 and m 
increases at a faster rate tha 
Let a be a positive integer greater thi 


nloga _ Jj 
Now а" f(a?) = а" ae a парну > Pasay) 


onotonic decreasing, as п?, (p > 0) 
n log nas 2 increases. 
an unity. 


п + 1)log a 
Vrn = OG 
ROSE 
Vitis rds 
n 
=> lim Vn qn 


nc Vn4i 
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Hence, by D’ Alembert’s ratio test, the series > Vn, that is, 


Xa? f(a") is convergent or divergent according as 


that is, 5 log n 


de> ДО OF AP < 1 
= a?*>@ ог g?3«qe 
=> р- 1200г p—-1«0 
> р>1 or p«l. 
This test fails when p — 1. 
In this case a%f(a") = n log a 


= lim afa) = œ, {2 a> 1} 
n>o 
Therefore 5 аап) is divergent when p = 1. 


Hence, by Cauchy’s condensation test, the given series > f(n), 


is convergent when p> 1 and divergent 


n=2 n? 
when p « 1. 
eo 
17. Test for convergence 5 — | _ 3 R U 1968 H) 
n=2 /nlogn f 
Solution. Let the given series be denoted by > f (m. 
1 
Then дей = a 
a/n logn 


increases with n. 


Obviously f(n) is positive and decreasing as denominator 


Let a be a positive integer greater than unity. 


f 1 
e * at f (qn) = n 
eA м (a?) log а" 
Ci 


тора 


(n + 1) loga 


= Vn (say). 


Van 
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-(1 + D 


= dime a abe which is less than 1,asa > 1. 
aso Vni Ja 


Hence, by D' Alembert's ratio test, the series X Vn, that is, 
У а" f (a?) is divergent. 
Hence, by Cauchy's condensation test, the given series 


i l — is divergent. 
X f(n), that is, X Julogn is E 


18. Examine the convergence of the series— 
? | (1084) ‚ (log л)? 
(og 27 ү ee + бов P... „== piso o. 


Solution. Let the given series be denoted by > f (n). 


Here (OE D? i.e., 0 may be regarded as the first term. 
2 


Then f (n) - Пов. 


Clearly f (п) is a decreasing function of п as n increases at 


a faster rate than log 7. 


Let a be a positive integer greater than unity. 


a^(n log a)* 
an f (a")= ——m& Fringe Y 


andog = ABD. па = Vn (ау) 
E а" 


_ (og а). (n+ 1? 


Мп = qnt 
1 
= - а 1 
Van (ED. ( += 
= lim Уп = a, which is greater than unity. 


no n+ 
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Therefore, by D’Alembert’s ratio test, X Ул, that is, 
> d^ f (a?) is convergent. 

Hence, by Cauchy's condensation test, the given series is 
also convergent. 

19. Test for convergence the following series for pe R— 


1 1 1 1 


Хов 29 * (008 397 " Qogdp +--+ dogzy 
+....t0 о. 


(Agra univ 1945) 
Solution. Let the given series be denoted by 5 f(n). 
pel 
(log n)? ` 
If p > 0, f (n) is a positive decreasing function of n as log z 
increases with л. 
Let a be a positive integer, greater than unity. 


Then f (n) = 


1 
m nm) — 4n 
Now Ee r ny 


= 0% A SALLE. es а" 
“Glog aye ~ WAlogay = (say) 


V, А, Qn 
mG DP dog ap 
te 2 004" (п 1) (log aP 
Vua n? (og a) ши —- 
p 
=(1 +4) MS 
n a 
= lim ja =l Which is less than 1 
M 2 an 1 for a > 1. 


Therefore, by D’ Alembert’s ratio t 
is, У a? f (a?) is divergent. 

Hence, by Cauchy's condensation test, the given series 
Z f(n) is also divergent when р> 0. 

If p < 0, let p = — m where m > 0, 


est, the series > Vn, that 
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1 
(log п)? 
and pm а (у= im (log п)” = 


Then f(n)= — (log п)”, 


> f(n) is divergent when p < 0. 
Thus the given series is divergent for all real values of p. 


ey) 1 
20. Test the convergence of X -z HW 
nan? — 1 (log n)? 


(R U 1962 H; Bh U '62 H) 
Solution. Let the given series be denoted by У f(n) 


Then f(n) = 


1 (og E 
Let us compare the given series > f(n) with the auxiliary 
1 


—— 


series 3 o(n), where e(n) = —- (log п)ї® 
0 


2 


Nowy ДО DURER 1 as п ج‎ оо and 1 is finite and non- 
e(n) Ye dr 
2 


n 
zero. Hence by comparison test Z./( 
diverge simultaneously. 


п) and X (m) converge or 


Again 9(n) = d CEN is clearly a positive decreasing 
п (logn) 


function of n for n (log n)! ^^ increases with n. 
Let a be a positive integer greater than unity. 


——— 


a?(log anid 


Then апф(а") = а". 


> Saro(a") = 
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But ES is convergent as р = }4 > 1, which is greater 
ni 


than unity. 

Therefore, У a*e(a") is convergent. 

Hence, by Cauchy's condensation test, the series У o(n) is 
also convergent. 

Thus the given series X f(n) is also convergent. 

© 1 
21. Test the convergence of i, борлуп 
(M U 1968 H; B U '62 H) 
Solution. Let the given series be denoted by 5 /(п). 


Then f(n) = Торуня д 


As n increases, (log n°?” increases, So Доп) is a positive 
decreasing function of n. 


Let a be a positive integer greater than unity. 
Then ата") = а» — 
(log a")'er a 


1 
ал (nlog а)" tora 


= а" Ho юы 
n? log a (log a)” 107 a 


Let us take a = 3 and Since log a, that is, log 3 > 1 


We get жг 
g jog3 < 1 


LAS 
and so ML - 1 
mes SIE €L 


a 3 n 
а"(ап) < < (3) » When n > 4. 


But > (2) is convergent, as it is in G. P. where c. r. is i 
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E Za"f(a^)is convergent. Hence by Cauchy's conden- 
sation test, 5 f(n) is convergent. 
22. Discuss the convergence of the series 


1 
= я Tog n (log log n Sor all values of p. 


(P U 1971 H; M U '64 H, '66 H, '70 H, 72 Н, °80 H; 
B U'59 H, %61 Н; B P S C79) 
Solution. Let the given series be denoted by X f(n). 
1 

The: = — 
n fin) nlogz (log log n)? 

Obviously if p > 0, f(n) is a positive decreasing function of п. 

HE _ (log log n)" 

Ір < 0, let p = — m, т > 0. Then f(n) SE 
which is also a decreasing function of n for the denominator 
increases at a faster rate than the numerator. 

Thus f(n) is a decreasing function of n and also f(n) is posi- 
tive for all п > К,а suitable integer. 

Cauchy's condensation test is applicable for all p. 

Let a be a positive integer greater than unity. 


1 


Then а/а") 6 E US log a* (log log °F 


1 
= nlog а [log (n log а]? 
e 1 
~ aloga [log п — log log a]? 


1 


- , log log aV? 
n log a.(log n)? (1 Sm ETE 


Let us compare the series > а"/(а") with the series У 


E 
Where Yn — iog т? 
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аһа") _ 
Now Vn + ET keene loga 
EO Г у 
=> lim СИКСЕ wel ———, which is finite and non-zero. 
"^ Vn loga 


Hence, by comparison test, the two series 5 a?f(a") and 
У уп converge or diverge simultaneously. 
=Й My 
n (log n)? 
p > land divergent when p « 1. 

Hence 5 а"/(а") і5 convergent when p > 1 and divergent 
when p < 1. 

Thus, by Cauchy's condensation test, the given series 5 f(n) 
in convergent when p > 1 and divergent when p < 1 


23. Determine the convergency or divergency of the following 
series. 


«GO y eee 


(B P S C 1981; Lucknow Univ '50) 


Solution. Neglecting the first term of the given series, as this 
does not affect the convergence or the divergence of the given 
series and then denoting the series by Sun, we ge 


We know that У ie. У уь is convergent when 


2.4.6, ....2n 


2 — SD: (2n — 1)(2n — 1 
d +1 = ) 
and из = Den x y 


2 
Un (2n—2 T 2+ 
Ung 2n—1J . o id. 


s 2r 
Slim n eq 
no Uns; 2» 


Hence D' Alembert's ratio test fails. 


7 


CONVERGENCE OF SERIES 163 


Now we apply logarithmic ratio test. 


Ly 

un sonata, MES 

unii — (2n4- 1)? TE IS? т 
( E) 


> log 5t = plog (1+2) - plog(1+ 3) 


TALI ME ek 
-| — aW Uam 07) 
1 fce 
CÓ m да зоо] 


5 Un р 
> m log — |= 5: 
li ( g RR ) 7 
Hence, by logarithmic ratio test, the given series is conver 


&ent or divergent according as 


D 
£21 One, 
p>2 or р <2. 


=> 
14 = 1 ie. p = 2, this test fails. 


Now we apply higher logarithmic ratio test. 
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Вл 7 logn 
> = – 1) te | =(-24+5--- E 
> lim [Є log #1) is] =e 3x 0=0 <1. 
no Una 


(^ lim 1228 = о) 
1-0 n 
Hence, by higher logarithmic ratio test, the given series is 


divergent, when p — 2. 
24. Show that the series 


1 


1 1 1 1 

т mt т t m-1*7543 

т т т+1 m mitm? 

a +a +a +... t0 с. 


А А > 1 
is convergent or divergent according as a < 1 ог + zu 


(P U 1957 H) 
Solution. Let the given series be denoted by Xt. 
ue 1 1 1 
Then un =a" о S cr EM 
SET зә ма у 1 1 
and ui, = a” mri mya tt RTA t4 gw 
Un _ 1 
Unt 1 
amie 
э vim seul eres 
noo Uni, a 1 > 


Hence Р” Alembert's ratio test fails. 
Now we apply logarithmic ratio test. 


lo, CS Li а, 
HER mag 1984 
= log inq * 
rs mpn 82 = — log a 
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> lim (nlo ا‎ el 
n>a бан log a log 2 


Hence, by logarithmic ratio test, the given series is 
convergent or divergent according as $ 


1 1 
log >1 or log — «1 


- log + > loge or log + < loge 


> —>e Or tess 
a a 

1 

> ac— or a» -—. 

e e 


When a = 4, this test fails. 


Now we apply higher logarithmic ratio test. 


ип n | L yim 
n 10, = — —— log— = — 
8 Uns m+n e m+n 
m 
Ип = n — = — 
=> nlog -l= E == 
Unda m+ | Mn 
mlogn 
ив 1 4 mlogn 
> inlog—- ~ 1010207 = 
| Uny m+n 


li 

l 
-+ z 

ETE 
AEN 
8 
iE 
A 


=> lim [ 1s Us рое ноо 


no Unt 
Aen т овп 2) 
which is less than 1, ( у Шш = 


Hence, by higher logarithmic ratio test the given series is 


divergent when a = 4. 
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Thus the given series is convergent or divergent according as 


25. FAY Gauss’ Test to examine the convergence of ihe 
IHE mH 31,5% 


series 5 5 Tx n Testo оо. (Rajasthan 1961) 


Solution. Let the series be denoted by Sun. 
— 12385%....Qn — 1)? 
Sa т O 


232 52 Ж туа 2 
and Ung = Dg MCE, 


(2n)? (2n + 2) 


2 4 1 I 
-(1 + tm) - 255+ (2. z 
using Binomial theorem for any index 
1 
EL 5 | - i + terms containing -5 etc 


Bits s PLN 


By Gauss' test, the series is divergent, as here a — 1. 
e (without applying Gauss’ Test) 


PE RGD] 
me (H+ 12 (2+1 iy 


= lim. _4 =]. 


noo Una 4 


Hence D'Alembert's ratio test fails, 
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Now we apply Raabe's test. 
а a Qn + 2} IS 4n+ 3 


Unas Cri Ок +1 
(e Susi 
Unser 4n? + 4n + 1 qu due lah 
US NN 
E im ps - Jadot 
n-»00 Uns 4 


Hence Raabe's test fails. 
Now we apply De Morgan and Bertrand's test. 


nf -1)-1=3 „Р.и ames pe Pai SM 
Uni 4n + An +1 4n? + 4n +1 


= Le um "y gems 


[ESI 
ج‎ m-n logn 
4n 4n-+- 1° n 


A ns | nf un _ 1)- 1 hios n| =0 
Uny 


which is less than 1. 


(s 1982 > 0, asn ®) 


Hence, by De Morgan and Bertrand’s test, the given series 


is divergent. 
Problem-Set 5 


1. Examine the convergence of the following series— 


i 2 2:4 Hu 2.4.6 .21 о, (x> 0) 
© зт 34 ' 356 ^ 3578 ( 
(P U 1951 Н) 
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1 x:,13 x,135 x 


X 4 وا ا‎ Me MEM MMC сы ы ку сү 
GDI SEU зо mU Кол 5 “олбо T (2:30) 
(Agra U 1949; Rajputana '59) 

34 3:6 «| 3.69 ХЗ--....{о оо, (x > 0) 
СОТ a omm eM түр (M. U, 1985) 


2. Discuss the convergence of the following series for all 
real values of x— 


2 2 дыы NN ЮТАБЫ АЫ atolo. 
Ò “+ р 56 7 3456787 500009 


(Rajputana 1957) 


Lol 103 x а 037 
jor 1 AS i Dae 67 zizies«s tO. ОО; 

(Roorkee Engg 1979) 

73. Examine the convergence of the following series for 


positi ye m of x— 


32x2 A uy 
1+ 

(i) Dti T جم‎ La 

7 P S C 1982; Rajputana U ’64; Agra U '62, 64; 

Roorkee Engg '67) 


..to oo. 


(By) чеш ih De. па ар. Ло oo. 
(Agra U 1956; Sagar U '62; BP S С ’83) 
4. Б паш the convergence of the series— 
ERL; 1-3. 123215: 
(Dies. i tap К apga ....tO оо, (х > 0) 


Н) 1+ -®-х-- a + IP a, аа + 1a 22 
SIS th 12:88 1X8 + 3) 


+....to оо, (x > 0) 
5. Examine the convergence of the following series 


o LELEO | Qragr5, 


2.3.4 


em 


(п + an 4- b 
+ GE Ен Ыы оо. 
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Gi) EE) ‚ (2 + 1)(а + 2) a 


ЫБ + 1) ^ Kb 3-152 2) r.... t0 оо. 
(Agra U 1963) 
(ii) 1 + ZÊ. 4 «(а + 8G + 1) 
Y.S 


тС DKS + 1) 
petia + 2).0(8 + 108 2) , б 
б 1)(ї 20568 + 105 F2) "7° r. 
6. Test the convergence of the following series— 


о 

; 1 
555 

O Ея" (R О 1969 Н) 


зоо 1 
(ii) à їо) = > m. 


7. Test for convergence the series— 


у 2 logn 
Ome 
n 3, ie n (B P S C 1982) 
nai 

iii log n 

1 
(iii) P ml | 
8. Examine the convergence of the following series— 

i кр. Еа states 
Mages E ЧОО; 


9. Apply Gauss' test to examine the convergence of the 
following series— 
i А 243, 22.4.6 E OE 
@ та ga RET 
Я ke i 
3.14. Convergence of series of Positive and Negativ 


Terms 


f positive as well as 


В В A 0 
In general an infinite pe ane ns of series of positive 
Negative terms. The tests for con 


terms are not applicable for such sertes- 


170 DEGREE LEVEL REAL ANALYSIS 


Alternating Series. An infinite series is called an alternating 
series if the terms are alternately positive and negative. For 


example : 4 х 
1— 14-3 —£i-r....is an alternating series. 
1+4-34+3+4-—4-+....is not an alternating series. . 


It is a series of positive and negative terms. 
о 
An alternating series is denoted by x (— 1)? un 
1 


ie. Uy — Uy + Ug — Uy -+....tO O. 
Theorem 3.24. Leibnitz’s Test (or Rule) for Alternating Series. 


Statement. 4n infinite series, in which the terms are 
alternately positive and negative, is convergent if each term is 
numerically less than the preceding term and the terms decrease 
indefinitely. 


Alternative Statement 


If for the alternating series x (= 1)*3un 
1 


(i) Uns; < Un, for all n 
and (ii) us > 0 as n > co 
then the series is convergent. (M U 1978; В. U. '85) 


Proof. The given series is 
Uy — Us -+ из — Uy + us — ш +....to co. 
Let Sen denote the sum of the first 2n terms of the given 
series. 
Then 


Son = Uy — ug d- Ug — uy 4 
2h 1 — Ug i Ug U, Us — Ug hes. ena йо, 


Le. Son = (иу — из) + (из — ш) + (us — Ue) +.... 


7 3 + (Uen-1 — Wen): 
Since un > илы, that is, + Hana E 


My > И» Ug > Us, Us > Ug, ...., Uon- > Um, We get 


My — Uz, Ug — Us, Us — Us, ...., Usny — i, are all positive. 


Sun js positive and increases with л. (1) 


Again, Sys = 15 — (a= Ms) GA = ug) E gn: 
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Clearly us — us, Uy — us, ....are all positive. 
So San is always less thau иу (but positive) m (2) 
Frcm (1) and (2) we find that {Sən} is monotonic increasing 
ard bounded by 0 and 21; San tends to a limit x 
; <u and Son > 0. 
Now Sons, — Son + tent 
Lt Sansı = Lt (San + toni) = Lt San + Lt uen 
n>o n->o n> n> 


Since иһ > 0 as n > co, therefore tanı > 0 as n >œ. 
Hence Lt Songz = Lt Son. 
n> - n0 
5,544 and Son tend to the same limit as n > co. 

Hence S, tends to a limit as n — oo. 

Thus the given series is convergent. 

Note. In an alternating series 4 — Us 4 Uy — Щ--...., 
satisfying the conditions (i) and (ii), the sum of the series may 
be taken as ш — ug + ttg — us +... -+ (~ 1)" ur with the 
error Ra where 

Rn = (— 1)"{ung1 — Unis + Unis — Unya +--+ tO O}. 

NOW 1544 — Чала + Ип+а — nsa H... 18 а convergent 
series by Leibnitz's test and 

| Rn | = nay — Unte + Unss — Unta eee 
= ung — (Unas — Unis) — (Ипы = и) — 
< ипм, aS {Un} is monotonic decreasing Бу 
condition (i) 


3.15. Absolutely Convergent Series 
(Bh U 1964 H, '66 Н, '68 Н, '69 H, °72 H; 
R U '63 H, '66 H, 70H, 72H, 74 H; 
M U '66 H, '68 Н, 75 Н, ’80 H; BU '60 H; 
P U '60 H, '62 H, '64 Н, '71 Н, '85) 
The series X ип, containing positive and negative terms, is 
said to be absolutely convergent if the series У | un | is 
convergent. 
X | un | denotes the series of absolute values of the terms 
of Xun. If Sun is itself a series of positive terms then 


Eua] = Уил. 
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i i el 
Examples. (i) The series 1 — $ + 1 — E... : is absolut У 
convergent, because the series 1 4 1+ icd. 
convergent, being a С.Р. with common ratio = } « 1. 


з a 
(ii) The series 1 — x + z — ....is absolutely convergen 


as the series 1 + 5 + Š +....is convergent. 


3.16. Conditionally Convergent 
Convergent Series 

9 ЕЈ E] H , 6 H; 

M U 1975 H; Bh U '66 H, '68 H, 70H, °72 Н; RU '66 Н; 

i P U '63 Н, '72 Н) 

The series Zun, containing positive and negative terms, is 

Said to be conditionally convergent or semi-convergent or non- 


absolutely convergent if Sun is convergent but 5 | ча | is 
divergent. 


Series or Semi- 


Examples. (i) The series 


LIER 8S 
conditionally convergent as it is convergent, by Leibnitz's Test 
for alternating series and 1 + $+%+4+4.... is divergent 


because 2 is divergent when р &1. 


ae : 1 1 ite, : di- 
I)EDhe' series] E LL —4 = az +0... ds condi 
Gn рау ag 

tionally convergent as it is convergent, by Leibnitz’s Test for 
alternating series, and 1+ 1 


1 ЕА 
МО Uu 
divergent, because il is divergent when psi. 


Theorem 3.25, An Absolutely Conver 


gent Series is Convergent. 
(Bh U 1967 H, '69 H, 


"16; M U '66 H 768 Н, '75 Н; 
B U '54 H, '58 H, '60 H, '68 H; 

P U 56 H, '58 H, °60 H, °62 H, '66 H, "68 H, '73 H, '85) 
Proof, Let the series Dun 


be absolutely convergent; then by 
definition, the series 5 | Un 


| is convergent. 
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2un, when и» > 0; 
0 , when иһ < 0. 

Therefore every term of the series У (us + | un | ) > 0. 

Now 3(un+ | чо |) as well as X2 | um | are series of 
positive terms for which un + | un | < 2 | tn |- 

But 5 2 | us | is convergent. So by comparison test 

X (un + | иһ | is also convergent. 
Hence ¥ [(un + | un |) — | un |], i.e., Sun is convergent. 


Note. The converse of the above theorem is not necessarily 
true. (P U 1964 H, °70 Н, '73 H; B U '63 H; Bh U '66 H) 
For example, consider the series 1 — { + 4 — # +.... 

This series is convergent, by Leibnitz's Test for alternating 
series; but the series of absolute values of the terms of the 
above series ie. 1-4-2 -- 4 + 2 +... „15 divergent. 

Hence the given series is not absolutely convergent though 


it is convergent. 
Theorem 3.26. The terms of an absolutely convergent series can 
be rearranged without affecting the convergence and the sum of 
(B P S C1979,'81; P U '59 H, 69 H, 71 H; 
M U '65 Н, ’71 H, 73 Н, '80 H; Bh U '68 Н, "12H; 
R U'67 Н, 70 Н, 72 H) 


Proof. Let the absolutely convergent series be Sun. Then, 
by definition of absolutely convergence, the series X | un | is 
convergent. By the rearrangement of the terms of Уил we get 
say У % 50 that every v is а и and every и is a v. 
according as ив > or <0. 


We have un + | tn | ={ 


the series. 


a new series, 
We have и» + | un | = 2us or 0, 
Since the terms of 3(un+ | un |) < the corresponding 

terms of X2 | un | and = | un | is a convergent series of 

Positive terms, by comparison test 3 (un 4 | Ча | ) is also a 

convergent series of positive terms. 

Let у | us | = S and Z(un+ | e | 
Уи = S— S. , B. 

Since | us | and Z(un | иһ |) are series of e 
terms, their sums аге unaltered by any re-arrangement o 


terms, 


) =s. then 
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= | val =S, (уњ + | Ул |) = s and 
Уур = S— S = Zum. 
Hence the theorem. 


Note. The above property of rearrangement of terms does 
no: hold in general for series of positive and negative terms if 


the series is not absolutely convergent. This is clear from the 
following example— 


Take the infinite series 1 — } +} — 1-r.... 55 WAP) 


This is not absolutely convergent, for 1 + 3 -- 3 3- 12-.... 
is divergent. 


Now consider the infinite series 
JEDE т ee (ID) 


which has been obtained by the re-arrangement of the terms 
of the series (T) under consideration. 


Evidently the series (I) is semi-convergent. 
Let s be its sum. 
Let sn = 1 — į + $ — 1 ....to n terms, 
9. =1—}—-—4$+%-4%-i+4....ton terms, 
then e&-(1-1-D4-1-0-0- h- H) 
+....to n brackets 
9» = (f — Dt (f — 80) + Gy — 9 


+...,to n brackets 
= оз = i(l— $+ 4 —i-....to2nterms) 


Osn = San 
lim osn = $ lim Son = 1s. 
no no 


But lim ogn}, = lim ogni, = lim Sgn. 
noo No no 


lim on = js. 
^ 


Hence the second series (I1) converges and its sum is 15, 


The above example shows that a ге-аггапретепі of the 
terms of a non-absolutely convergent series may alter its sum. 
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Theorem 3.27. [п ап absolutely convergent series, the series 
formed by its positive terms alone is convergent and the series 
formed by its negative terms alone is convergent. 

(MU 1969 H; Bh U 74H; B P S C '80) 

Proof. Let the absolutely convergent series be Xu, and 
suppose that 


п 
Sy = X ив = у + Ug EM +... Un, 


n 
and 5а = 2 [ие | = [m | uel + lal +... |]. 


If the sums of the positive and negative terms separately in 

Sn be denoted by P and — N respectively, then 
»-—P-N and sn = PHN.: 

с. 2P = Sn + Sn and 2N = Sn — Sn. 

Since the series Sun is absolutely convergent, therefore 
Sn and sn both tend to finite limit as л > co. 

Let these limits be S and T respectively. 

P — 1(5 + T) and ҮТ — $), as n > œ. 


Hence the theorem. 

Theorem 3.28. To prove that in a conditionally convergent series 
X un, the positive as well as the negative terms form two diver- 
gent series separately, the terms of either being taken in the order 
in which they occur. (R U 1971 H, '73 H; Bh U °74 Н) 


n 
Proof. Let 5» 5 un = u + Ua + Ug + .... Hun, 
5 

n 
and sn = X [4 | 

n=l 
[u| + lult lal +... lam]. 
If the sums of the positive and negative terms separately in 


S, be denoted by P and — N respectively, then 
S,-2P-N, Л ЧҮП) 
Sg =P +N. Ку (2) 


1 


and 
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D 2P = Sn + Sn, m (3) 
and 2N = Sn — Ss. (4) 


n 5 
Since У иһ is conditionally convergent, z us >а finite 
n 


n 
quantity and > [иь | >œ, as п> о. 
n= 


Sn + a finite limit, say /, 
Sn > infinity, as n > co. 
Hence P and N both tend to infinity separately. 


and 


Thus the positive as well as the negative terms of a condi- 
tionally convergent series form two divergent series separately. 


3.17. Convergence of Some Useful Series 
3 (A) Binomial Series, 
To discuss the convergence of 


leg Mc Шаң уа) x! -E.... to ою. 


Solution. (Elementary discussion) Let the Biven series be 
considered after the first term and be denoted by Yun. 


Then u =2@ — 1(п— 2 п =F +1) ye | 
r 


r+ 1)! 


and up, = Ke Dane = Ot Ma = Darn, 
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177 
= lim “4% = 1 
ra pe x 
= lim| “ | — [2 | А 
ro | Ury DC 


i| | 1-а then the series У |a| is 


convergent. So XH, is absolutely convergent and hence 
convergent when | x| «1 ie. -1<х<1. 
Rigorous Discussion. 


As in the elementary discussion we can prove that the 
binomial series is absolutely convergent when | x | < 1 
ie راا ا‎ 


When | x | =1 we get x = 1, —1. 


(a) When x — 1, Bue, MES 
Ur+1 Bout | 
If r > n then < 0. So the series is alternating after some 
7+1 
Stage, consecutive terms having opposite signs. 
Now ГА r+1 (л=п) +(п+ 1) 
ие r—n r-n 

ET ЕЕ 47 тыш e e 
r-n r pee 
r 
The following cases arise— 


(i) If n > — 1 then lim a, = lim 2+1_44)>0. 
т- rro ры ЧИ, 
F 


By definition of limit, given e > 0 there is a positive integer 
п such that 
lar— (n+ 1)| <e for r>m; 
UD a »(n-l-e for г>т, 
.. Gp > К forr> т where n + 1 >k=(n+1)-e39 
D. L. R. A.-12 
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Uri 
ur 


Um 


Uma 
Um+2 


ur Umi 


- (1+ e 1+ Gm SEC Mar ач) 
»(1«2 17 zh (1+ 74) 

1 1 à 

2g. se 

lum) о i.e. | up| = Оавг- «о 


| ur | 
because | ит | is a fixed number. 


Also | 
и, 


TH 


=1+5 ZEL > 1 forr > n. 


So | о, | > | try, | after some stage. 


Hence by alternating series test, the binomial series is 
convergent, 


(ii) If n = — 1, the series becomes 1 — 1+1 —1+.... 
which oscillates finitely. 


(iii) If n < — 1, then n+ 1 < 0. 


Letn+ | = —m where m > 0. 
Then | u | = edere] 
Lr 


P | nere Der am c 3m] 
EEE cr, 


-@+т(1+® 5-5 (I +") 


>1+m(1+ ++ ENES Sr: 
2 3 r 


<. || >o as r > оо. Hence the series oscillates 
infinitely. 


CONVERGENCE OF SERIES 179 
(Б) When x = —1,-% —-rtl 1 _ rtl 
Ursi nep = FER 


For r > n, the terms u, and и have the same Sign. 
So the terms, from some stage onwards, are of the same sign. 


Now СУ ==" + (1 + n) 


Uri r—n 
212 п+1 
7= 


=1+ +1. 1 


1 
r 
Tic. E 
= n--l1 EAE 
=1+ T dad: 
r 
n+1f rit Baer 
n d ел 
А 


ЕТ" 
r 


1 n(n + 1) 1 
=1+ + : 5 


=14 ZEL E: 


where b, = ELI > n(n + 1), asr > о. 
е convergence, the series converges 
.. By Gauss' test on ‘gence, Желин > 


i 1i 
or diverges according as n + 1 > 1 or < 


и, NN 
(с) When | x | >1, Vu = s 
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1 
Vases s Ti 


А < 1 for all sufficiently large values of г. 
An Qj dxl 
r 


So |u | < | Mi | ie. the numerical values of the terms go 
on increasing as r increases. So the series is divergent Or 
oscillates infinitely. 

(B) Exponential Series. 

To discuss the convergence of the exponential series, viz., 


X Ж» 
1+х +++ dep) sn 


Solution. Let tbe given series be X us. 
л—1 


c E 
Then un = @—D! 


x? 
and uny, =—.- 


n! 
Un pes n! 
Ung x" '(n—1)! 
ALE (п—1)!п 
х (n — 1)! 
2 
x 
> lim | = œ, which is greater than unity for all 
"пэс | Unis 


finite values of x. 

Hence, by D’ Alembert’s ratio test, the series 2 | t | is 
convergent for all finite values of x 

So У иӊ is absolutely convergent and hence convergent. 

(C) Logarithmic Series. 

(i) To discuss the convergence of the series 


14 юва +97 og + тоо: 
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Solution. Let the given series be Уил. 
n = 
Then ш = (logea)” 


(п 4-10! 
Yn X^ mD! (loga) 
Uni xn n! с (logea) ^v 
zm £ lk a+ 
m Tom 
=> lim ün | — co, for all finite values of x. 
noo | ng 


Hence, by D’ Alembert's ratio test, the series X | ип | is 
convergent for all finite values of x. So Уи» is absolutely con- 
vergent and hence convergent for all finite real values of x. 

(ii) To discuss the convergence of the logarithmic series, viz. 

лао oe = 


r EE DN 1.10 00. 


Solution. Let the given series be У ип. 


Then и» = (— 3 


and unn = (— 1)" 


п+1` 


È Un ETE xm nti 
Unt ( = 1)” "xnl n 


> dim |“ | = | рУ 
+o иһ x 
When | L| »1 ie. |x| « 1, the series у |u| is 
x 
convergent. 
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So the given series У ип is absolutely convergent and hence 
convergent if | x | « 1. 


When 


+ <1 ie. | x | > 1, the series Zu, is divergent. 


So У ип is not absolutely convergent when | x | > 1. 
When | x | = 1, then the following cases are noteworthy : 
CASE 1. When x = 1, then the given series becomes 
1-%+3-—j+.:.. 10 о. 
This is an alternating series. Each term of this series is 
numerically less than the preceding term and lim Е 0. 
noo П 


Hence, by Leibnitz’s rule, the series 1 — $ + $ — А t- 
is convergent, 


CASB 2. When x — — 1, the given series becomes 
- (lt $ + } 4+... 10 о), 
which is obviously divergent to — co. 


3.18. Working Rule for Testing the Convergence of 
Arbitrary Series 


By observation check whether the series consists of positive 
as well as negative terms. 


(0) Tf so, find lim un if possible. If the limit is not zero the 
fo 


series is divergent. 


Gi) If hm un = 0 apply Leibnitz's test if the series is 


alternating series for which (u5) is monotonic decreasing. 


(iii) If Leibnitz’s test is not applicable, test the series for 
absolute convergence. 


WORKED OUT EXAMPLES 
1. Test the convergency of the series 


3 4 
2-440 ©. 


[Rajputana 1959; Agra 1944; Punjab 1941] 
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Solution. Here u, —(— 1)". EH =(- у-{1 + +). 
n n 


Sou, + 150. 

But the necessary condition for a series to be convergent 
is un > 0. 

So, the given series is not convergent. 


2. Test the convergence of the series 


TIR ENE to co 
x xa x+2a х+За` "7" 7 
x and a being positive. [Bh U 1963; P U '46] 


Solution. Since x and a are positive, therefore the terms of 
the series are alternately positive and negative. Each term is 
numerically less than the preceding term, 

as x+ (n — 1) a < x + na, for all n. 
1 1 
x+(n— Па x+na 

ie. иһ > Uns, for all n. 


Also, numerically v; = ә 0 8s n — оо. 


1 
x + (n — 1)a 
So, by Leibnitz's theorem on alternating series, the given 
series is convergent. 
3. Test for convergence the series, whose nth term is 
Cm g age 
ا‎ (00 > 0). U 196 
amy и) 2 ) [P U 1966} 
1 


Solution. Here | us | OG X0 9) 


ч 1 
and lnl = Gap OFFI 


|. n4 | < | tn |, for all n. 
Also Lt ид = 0. 


n>o 
The given series is an alternating series with monotonic 
decreasing terms in absolute values. 
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Hence, by Leibnitz's test, the given series і.е., X up is 
convergent. 


4. Exainine for convergence and divergence the series 
و چو ج‎ 1..0 Dex (E Dyer. s 


(P U 1960) 
Solution. If x > 0 it is an alternating series whose nth term 


un (HL am 
n 


The series is m.d. if u, < илл i.e., Un Sik 
Un-1 


t n 2 -— 
It is m.d. if mos <1 which holds good for 
all x < 1. 


Also if x < 1, un = دس1‎ 048 n > o. 


If x < 1, the series is convergent. 
If x is negative, let x = — y where y is positive. Then the 


series becomes $ + фу +47? +....4 Htl pag... 


Then, 2. = "Жуз [Bt 2 ya (n--1* 1 
с T 


Unit n 
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Ify <1 ie. x» —1, Lt“ > | and the series is 


no Unt 
convergent. 
Ify > lie.x < — 1, the series is divergent. 


If y = l, un = ztl > 1 and so X un is divergent. 


-. The series is convergent only when | x | <1. 
5. Examine the convergence of the series — 
© х" 
^ lm 
Solution. The series is a series of positive terms if x > 0 
and it is an alternating series when x < 0. 


x a xa 
mE EER Dy. 
3 EL Ms Ce Uhl 

Un+1 | 14m x 

идао 1 

A mri [х] 

р 
(1+2 +53) 1 
Z0 EI 
7 
DOC E 1 
1 IEA 
E 


-ime 


s A E 
aso | Uni | Eas 


If i | >1 i.e. |x| < I, then X | ил | is convergent. 
| x 


Hence 5 un is absolutely convergent and hence convergent 
when |x| <1 ie. —1 < x <I. 


186 DEGREE LEVEL REAL ANALYSIS 


If x = 1, the series becomes 


l.i 5 s 
TET treat TF» 


take xd 


For it up = A 


1: 
1 +n? 


2 
їш “== ши ле — 4, 
y gum Yn n-ol-- n 
11 i ; 1 
But v => ay 1s convergent as p = 2 > ] in lec 
У ип is convergent when x = ]. 


If x = — 1, the series becomes 
1 Т 1 1 
ТҮ ТЕЛЕ КШ Tua tee 
which is alternating and for it the absolute values of the terms 
ате monotonic decreasing and the absolute value of nth term 


1 
Tam 935 r > o. 
By Leibnitz’s test, the series is convergent, 
If x > 1, it is a series of positive terms and as before 
Дин AS. Lf 
NO Unty x 
The series is divergent. 
If x « — 1, let У= – х; then у>] and the series 
У z а 
GT ED Tee which is 
alternating. 


For this series | un | =  »* ; 
1 + т? 
2)" 2 ^ 
и; = E. af 
2| л | lm? үа 27 


Now n log y > 2 log n, after Some stage as у> 1. 


AC logyts log n* and hence Jy" > n? after Some stage. 
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The absolute value of и, does not tend to zero as 
n o. 


Hence the series is not convergent. 


Problem-Set 6 


1. Show that the infinite series 1 -- 3+2+3-+.... is 


divergent but the series 1 — ğ + à — ł +..-.is convergent. 
(M U 1978; P U '66) 


2. Examine the series for convergence— 


1-3+ $-37+3-..-. (P U 1963) 
3. Prove that the series 
1 1 1 
Ес Буу TEY nap bien 


is conditionally convergent. (P U 1978, '67) 
4. Determine whether the following series is convergent or 


divergent— 
1 1—4 LL. —.... (Mith. U. 1981) 


5. Examine the convergence of the following series— 


@) 1 -gt +. where 0 < a < 1. 
T a а a 
@ гра гъа iré 


1 +a 


—.... where 0 « a <1. 
(P U 1954) 
Gi) +—4+%—4+...... to oo. (B. U. 1971) 


6. If a, — (1 ak =)", show that the series X va, where 


Ys = dy — 1, is absolutely convergent for all valnes of x. 
7. Examine the convergence of the series for x e R— 
S xX x xt 
© z t picco pene 


5 Ода Е dune 
(ii) 1 +3 Деу E totus 


188 DEGREE LEVEL REAL ANALYSIS 


(iii) 2 п- cos nx. (BP S C 1979) 
8. Test the convergence of the following series— 

joo x 
@%) 5 (= 1" ns (B P S C 1978) 
oA bd logn 
as D Tue (ВР SC 1982) 


9. Discuss the convergence of the series— 


TE (х — 1) + &= D - 2 
Li 12 


— (х = ix – 2x — 3) 
ld INS DENN Ri 


for all real values of x. (B P S C 1980) 


ooo 


CHAPTER CONTINUITY 
4 AND DIFFERENTIABILITY 


4.1. Real Function of One Variable 


Let J be an interval in R. If fis a rule corresponding to 
which each x є-Ї is associated with unique element у є R then 
fis called a real function of one variable x. The interval J is 
called the domain of definition of the function f. This 
function is written as y = f (х), x e I or simply f (x), x e I. 

If Jisan open interval (a, b) ie. a « x « b then the 
function f is defined over an open interval and if J is a closed 
interval [a, b] i.e. a < x < b then the function f is defined 
over a closed interval. 


The graph of f defined over the open interval (a, b) and 
closed interval [a, Б] are shown as below— 


4.2. Bounded Function and Bounds of a Function 


Let f be a function defined over the interval J. 
The function f is said to be bounded in 7 if there exist two 
real numbers М and т such that 
m < f(x) < M ¥ xel. 
M and m are called an upper bound and a lower bound 
respectively. By continuum property of R, we know it has the 
least upper bound and the greatest lower bound. 
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4.3. Limit of a Function 


(i) Limit from the right (or Right-hand limit). 


A function f (x) is said to tend to the limit I as x tends to a 
from the right if given є > 0 there exists a number 8 > 0 such 
that | f(x) — 1| < є whenever a < x < a + ô. 

This number / is called the right-hand limit of f(x) at 

= а and it is denoted by 
lim f(x) = 1 or lim f(x) =/ 
zoor 2040 
ог lim f (a + h) = I. 
ho 


This limit is also written as f(a + 0). 


In simple words, f (x) is said to tend to the limit / from the 
tight if f (x) tends to / as x approaches a through values of x 
greater than a. 


Working Rule for finding the limit from the rightatx =a; 

(a) Put a + h for x in f (x) to get f (a + A). 

(B) Make h > 0 in f (a + В). 

(ii) Limit from the left (or Left hand limit). 

A function f (x) is said to tend to the limit l’ as x tends toa 
from the left if given є > 0 there exists a number $ > 0 such 
that | f(x) — l'| < e whenever a — 8 < x < a. 


This number /' is called the left-hand limit of J (x) at x =a 
and it is denoted by 


lim f(x) = I' or lim f(x) = 1 
z—a- z-a-0 

ог lim f(a — h) = 1. 

This limit is also writtén as f (a — 0). 


In simple words, f (х) is said to tend to the limit l’ from 


the left if f (x) tends to /’ as x approaches a through values of 
x smaller than a. 


Working Rule for finding the limit from the left at x = a: 
(A) Put a — h for x in f (x) to get f (a — h). 
(B) Make h — 0 in f(a — h). 
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(iil) Limit of f (x) at x = a. 
A function f (x) is said to tend to the limit / at x =a if 
given e > 0 there exists a number & > 0 such that 
| f(x) – 1| < є whenever |x —a| <5 
ie. 1 — e < f(x) < l+ e whenever a — § < x « a + ә. 


In simple words, f (x) is said to tend to the limit Zat x = a 
if f (x) tends to / as x approaches a through values of x greater 
than a as well as values of x smaller than a. 


The limit l of f(x) at x = a is denoted by lim f(x) = l. 
roa 


It is clear from above that f(x) tends to the limit / at 
x — a implies 
lim f(x) = lim f(x) = lim f(x) =1 
z>a+0 7¬+a-0 za 


provided both the right-hand and left-hand limits exist for 
x =a. If the domain of definition of f(x) is [0, b] then 
existence of lim (f(x) does not arise; similarly the question of 

z-a-0 б 


existence of lim f(x) also does not arise. 
Z>b+0 


Example. Let f (x) be a real function defined as follows— 


2 = xX 
f= зс x > 1. 


Here jim, /(®) = lim f(1 — h) 
lim (2— (1 — A} = 1, 
hoo 
[using f(x) = 2 — x] 


1 


lim 70) = lim f +h) 


= lim 3(1 + A) = 3. [using f(x) = 3x] 
no 


im i x) we get 
As li f(0* Jim, / 02 


lim f(x) does not exist. 
zi 
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Next consider the function 


e(x) = | 
As before lim e(x) = 1, 
2-1-0 


2/—:xj^ іс 
МЕР Б 


і = lim e(1 h) = lim (1 В) = 1; 
lim е) Jim (1 + B) mir + A) B 
i = li x). 
ipe) o Jg en 
Hence lim 9(x) exists and it is equal to 1. 
7+1 
(iv) Meaning of Ша im СЮ ==]. 
И, corresponding to any positive number e, no matter how 
small, there exists a positive number N such that 
Ло) - [| <6 
provided only that x > N, where / is a fixed number, then / is 


called the limit of f (x) as x tends to infinity. 
This is expressed by writing 


lim f (x) = 1 or f(x) —l as x > œ. 
(v) Meaning onm f(x) = со 
Ifto any positive number M, no matter how groat, there 
corresponds a positive number N such that 
f(x) > M, provided only that х > N, 
we say that f (x) tends to infinity with x, and we write 
(х) э o as x > oo. 
Similarly the corresponding definitions of 
‘f (x) tends to — oo as x > оо? can be given. 


4.4. Fundamental Theorems 


Suppose that as x > a, f (x) > 1 and g (x) > l', then 
OS + ax) 14 1, 
(Ш) f) — g(x) > 1 — 1, 


V 


=) 
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(ii) fa) > I, 

: 1 1 f 
(iv) ЕЗ >T provided that 1 + 0, 
fe. / 
(v) 209 Эр» unless Г = 0. 
The proofs of the above theorems are left as exercises f 
or 


the reader; the line of proof in each case is simi 
se is simila: i 
the chapter **Real sequences". e 


4.5. Continuous Functions of a Real Variable 


Let the curve C be the graph of a functio 
ny= 

defined in the interval a < x < b. у= / (х), 

Y 


Yzf 
РС 


o a 
Fig. (i) Fig. (ii) 
In the graph we find that the curve C is 
Е t | not broke; 
point. We say the graph is continuous in the interval (а Wi 
Let the curve C' [Fig. (i)] be the gra ME 
h oor 
defined over the interval a < x « b. The tie er MG 
= x, and x = x, only. We say the graph is disconti re 
at x = Xy х = х. mous 
The definition of continuity can be 1 
mad i 
language as follows— Sots ordinaci 
A function defined in the interval J is said to be contin 
over I if its graph is a continuous curve; Gite eps 
discontinuous. lc 
Let us distinguish more precisely some of 
the i 
which are involved in this definition. кри 
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In the first place it is evident that the property of the 
function y = f (x) of which C is the graph may be analysed 
into some property possessed by the curve at each of its points. 
то be able to define continuity for all values of x we must first 
define continuity for any particular value of x. Let us 
therefore fix on some particular value of x, say the value 
x — a corresponding to the point P of the graph. 


The characteristic properties of f(x) associated with this 
value of x are : 
(3) f (x) must be defined for x = a. 


If f (a) were not defined there would be a point missing 
from the curve. 


(ii) f (x) must be defined at all points of an interval 
including x — a in its interior. 

(ii) f(x) >f (а) as x -> a from either side. 

Definition of Continuity of a Function at a Point. 

(M U 1978, 785; B. U. '85) 

The function f (x), defined over the interval J, is said to be 
continuous at x = ae J if it possesses a finite limit as x tends 
to a from either side always remaining in J and each of these 
limits is equal to f (a). 

Thus f (x)is continuous at x — a if 

(i) f (x) is defined at x = a and 

i) lim f(x)- li - 

(i) lim C= lim f(X) =/(@ 

Hê, f (a + 0) = f) — 0) = f(a) 

ie. limit from right = limit from left = value of the 
function, 


If a is an end point of the interval I of definition of f) 
then one of the left-hand limit or right-hand limit exists. In 
that case, one that exists should be equal to f (a). 


Thus ifais a left-end point of the interval 7 then f (x) is 
| continuous at x = а if lim f(x) = f(a) and if ais a right-end 
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point of the interval J then f(x) is continuous at x =a if 
lim у(х) = 7 (0). 
2-4-0 

This definition can be put in the distance form (ог modulus 
form) as follows— 

A function f (x), defined over the interval I, is said to be 
continuous at x = a є J, if given є > 0 there exists a positive 
number 6 such that 

ІРО) — f(a) | < є whenever | x — a| < 8 and xer 
іе. f (a) — e < f(x) < f(a) + e whenever x є J such that 
а-5<х<а+ 8. 


A function f(x) which is not continuous at х = a is called © 
discontinuous at x — a. 


4,6. Types of Discontinuity 
(i) Ordinary Discontinuity. 
жы. is n х ۴ 
Hf f(a--0)*f(a— 0, ie, lim /(х)# lim у(х) 
then f(x) is said to have ordinary discontinuity or dis- 
continuity of first kind at x — a. 
For example. The function f(x) defined as follows— 


Voi ране БА 


Зх, xot 
has ordinary discontinuity at x — 1, for 


lim /(ху=1#3= lim f(x). 
2-1-0 7+140 
(ii) Removable Discontinuity. 


If f(a + 0) = f(e — 0) = f(a) {or f(a) is not defined}, 
ie. lim fẹ) = Jim, SO) * (a) {or f(a) is not defined} 


then f(x)is seid to have removable discontinuity at x =a. It 
is called removable because by suitably defining f(a), the 
function can be made continuous at x = a. 


x-4 


For example. The function f(x) = 9: x 7:2 uS 
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removable discontinuity at x — 2 for 
lim f(X)-4- lim f(x) #/(2) 
Z>2+0 z-2—9 


for at x — 2 the function is not defined. 


x—2 
35x—2 
has a removable discontinuity at x — 2 for 
lim (x)= lim q(x) = 4 # 3 = (2), 
+2+00 z-.2—0 
(ili) Infinite Discontinuity. 
If either of f(a + 0), f(a — 0) or both are equal to + co 


or — со, then f(x) is said to have infinite discontinuity at 
xa. 


Also the function 9(x) = | х2 4 5126: 56:2. 


2x 
(x — 1) 


discontinuity at x = 1 as lim f(x) = o. 
2+1+0 


For example. The function f(x) = has infinite 


(iv) Oscillatory Discontinuity. 


If f(x) is discontinuous at x = a and the discontinuity is 
neither ordinary nor removable nor infinite, then the 
discontinuity is called oscillatory discontinuity. Such 
discontinuity may oscillate finitely or infinitely. 


For example. The function f(x) = sin! _ has oscilla- 
x-a 
tory discontinuity at x = a. 
4.7. Continuity of a Function in an Interval 
A function f(x) defined over the interval J is said to be 


continuous in the interval [а, b] < I if f. (x) is continuous at all 
points x such that a < x < b. 


4.8. Differentiability at a Point (B. U. 1985; М. U. '85) 


A function f(x) defined in the interval 7 is said to be 
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differentiable at х=ає1 if lim 09 =/(@ exists for all 
za x—a 


tendencies of x towards a so that x always remains in 7. 
In other words, the condition is that 
lim [C+ — f(à) ana tim f (a — В) -SO 
һ-+0 В ho —h 
both exist and have the same definite value. 


IC ROG Tse Cee eee WEIT T T 

Thus | the function J (x) is said to be differentiable i 
r at x= a if : 

i 1 

| da L@+N=-F@) раа Ја) ! 

1 ъ--0 h һә —h | 

| = a definite number. ! 

[is 1 
ool и ус Ёё ер oe. Au 3 22р. 


The value of the limit is called the derivative (differential 

co-efficient) of f(x) at x = a and it is denoted by 
fa) or Df(a). 

If x = a is an end-point of the domain of definition 7 then 

either of lim far h) —f(a) lim (a — 9 — f (0 can exist 
A0 h A0 — h 

and that limit is called derivative of f(x) at x = a. 

If only lim fe n= ie) exists then f(x) is called 

—0 


differentiable from the right and the limit is called derivative 
from the right. It is denoted by f (a+) or Rf (а). 


If only fin EAL exists then f(x) is called 


differentiable from the left and the limitis called derivative 
from the left. It is denoted by f (а —) or Lf (а). 

The definition of differentiability at a point in the distance 
form is as follows— 
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4 


A function f (x) defined in the interval I is said to be 
differentiable at x = a eI, having the derivative | if given 
€ > 0 there exists a number 8 > 0 such that 

Ло) — /(а) Es 


< e. whenever | x — a | < 8 and xel. 
x—a ^ 


4 


p-----------4 


The number l is the derivative of ЈО) аі х = a. 


! 
1 
1 
1 
1 
t 
1 
Ц 
I 
1 
1 
1 
1 
1 
П 
1 
1 
1 
1 
1 
1 
1 
! 
П 
1 
í 
1 
1 
1 
i 
i 
1 
t 
1 
1 
1 
1 
i 
L 


Theorem 4.1. A function f is differentiable at x =a if and 
only if there exists a number l such that 


fla + В) — f(a) = Ih + hn 
where п denotes a quantity which tends to 0. as h > 0. 
Proof. Let f be differentiable at x = а. Then there exists a 


number / such that lim / C2 — f@ =], 
za x—a 
Putting x = a +h, 


lim £D -/@ _, 


hoo 
or i [espro _ 1] - 
hoo h * 


PECES EIS 
h 


—1=n where n >0 as h 0. 


(a + В) — f (a) = Ih +h where n > 0 as h >0. 
Thus it is the necessary condition. 


As the argument is reversible, the condition is also 
sufficient, 
"Theorem 4.2. Ifa 


function is differentiable finitely at a point, 
then it must be con 


tinuous at that point. 
(Bh U 1967 H; R U '67 H; M U '66 H; 
P U’85; B U ’61 A, *66 H) 
Proof, Let the function f (x) be differentiable at x = a. 
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Then by definition lim ERE ©; 
p h 


= lim ба — һ)—/(а) _ А (say). 
h>0 =h 


From lim /( 27/9) . 4, it follows, by the definition 
^+ 


: of limit, that, fora given number e > 0, we can find a number 
6 > 0 such that 


£ex P-L a] < efor|h|«6 


ie. | f(a + В)— f(2)— Ah| «e| 5|, for| ^| < 8. 
But | Да + 5) Ла) | — | Ah | < |f (a + )— /(а)у—АР |. 
| f£@+H-f@|-| 4k] ев. 
Hence | f(a+4)—f@|<|h}](|4] +e). 
Now, if k > + 0, then f(a + h)— f(a) > 0 
and also if h > — 0, then f (a — h)— f(a) > 0. 
Thus f (a + 0)= f (a)= f (a — 0) and f(a) is defined. 
So f (x) is continuous at x = a. 
Note. The converse of this theorem is not necessarily true, 
i.e. the condition of continuity is not sufficient for differentiability. 
` ie. the continuity of a function is a weaker condition than 
differentiability. (P U 1967 H) 
Let us illustrate this by an example. 
Consider the continuity and differentiability of the function 
(= | x | atx = 0. 
(M U 1966 H, '78 A'85; Bh U '66 H; AMIE *81) 
Test for continuity at x = 0. 
Limit from right = f (0 + 0)= lim f (O + A) 


= lim |0+4| = lim |4| =0 
hk->0 h-o0 
And limit from left = f (0 — 0)— lim /(0 —h) 
= lim |0 — 4| = li £ 
im | =lim| | =0. 


Since f(0 - 0) f (0 — = /(0)= 0, 
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so the given function is continuous at x — 0, 
Test for differentiability at x — 0. 


lim fO+AH-fO _ lim lh] —0 = 1,as A > 0, 
ho h hoo h 


and im ОЮ FO) _ jim LOA! —0 
ho = р 
Б жтт 
= ДЕ = ==; 1. 


Since these two limits ате not equal, therefore the function 
is not differentiable at x = 0. 


WORKED OUT EXAMPLES 


1. Prove that lim Û — does not exist. 
£a 


Solution. Here f (x) - 1 
1 


1—е®-@ 
Тһеп J (e + 0)= lim f (a + h) 
lim 1 


һә 1 


152872 GTh-a 
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s 1 
= ium 
ho ' 


1—e 
1 


I c 


1—0 


Since f (a + 0) + f (а — 0), therefore the given limit does 
not exist. 


2. Given that f(x) = (e x #0 


2 5 x0 
Test the continuity of f(x) at x —0. (P U 1980; B U '80) 


Solution. f(x) is continuous at x = 0 if 
lim f(0 + А) = lim f(0 — А) = f(0). 
h-0 hoo 


Here lim f(0+h) = lim POHA _ ip Sink _ 1, 
ho A+ О+А 


lim /(0 — 0 = lim 2100 lim 2.4 _ |. 
FO) = 2. 
lim /(0+ 0 = lim 00 # f(0). 
f(x) is discontinuous at х = 0. 


Note. The.type of discontinuity of f(x) at x — 0 in the 
above problem is a removable discontinuity. 


If f(0) is defined as 1 instead of 2 then the function 
becomes continuous at x = 0. 


x 


з. If f(0) = , x 5 0, апа f(0) = 0, show that fx) 


a 
т 


1+е 


is not differentiable at x = 0. 
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Solution. Here Lt fOr 4 =f) 
ho 


O+h _0 his 

i -Á 

14+ eth Ж lre? 
ОТЕЛ АДУ. 
ТЕУ 18у = —0 

= Et E le © > 


=} 
БАСОВ) 00) ы ese 
and Lt ze Tr h 


— В 
-1 1 
h 
-nitt = йр = Lt 1 
hoo — M9 q eg Mp А 
e 
а 1 
En Jd 
158 


Since the above two limit: 
is not differentiable at х = 0, 

4. Is the following 
х= {? 


s are different, hence the function 


Junction continuous and differentiable at 


A 580 


< i 
Tx due 1 

Solution. f(x) is continuous at x — iif 
jim ЈФ+ В) = lim f(3 = h)-f(). 


x 
x (P U 1973) 


Here lm (4 +) = lim (1 4.4.8) = 4, 
lim fG — h) = imi, 
F@ =1-3 =}; 
lim fG + А) = lim fà - 4) = fG). 
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f (X) is continuous at x = +. 
F(x) is differentiable at x = } if 


| 
| 
| 
v 
lim /@ + DSO) — jim =D — f) 
ho ho = Б 
Here lim /@ ЕЮ 70) ьа 1- G DE 
[DET] ho 
= lim—— = lim—-12—1 
ho h¬+0 
lim LG =2 — f = dmi icri i 


= lim =" = lim 1 = 1. 
hoo — ГЕС] 


The two limits are not equal. 
f(x) is not differentiable at x — 4. 


5. Iff (X) = х2 sin 2, for x #0, and f(0) = 


show that f(x) is continuous and differentiable at x = 0 but 
its derivative is not continuous there. 

(R U 1962 H, '64 H; B U '65 H; M U '64 H, '80 H, '84; 

Р. U. '79) 

Solution. Test for continuity at x = 0. 7 


TE Му 1 t 1 
J(0 + 0) = lim fO + ® = lim (0 + A) sin} 


1 
0—5h 


i — 0) = lim f(0 — 4) = li — hy si 
Again, f(0 — 0) lim f( ) limo h} sin 


- lim # sin ( — 5) 00; 
hoo h 


Since f(0 + 0) = /(0 — 0) = f(0), therefore the function is 
continuous at x = 0. 
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To test for differentiability at x = 0. 


1 
0 + B si zc 
We have lig ЛО 9-0) 4, 7 04K —0 
ho h A30 h 


7 1 
ad lm fo- DE AON ы (0 Л)? sing—,- —0 


1+0 — Б 


— р sin = 
= lim ——_— E. a (- һат) = 0. 


A-—0 


Since the above two limits are equal therefore the function 
15 differentiable at x = 0 and /'(0) = 0. id (1) 


Again f(x) = lim fx 2 ~ f(x) 


(x + А)? sin - 


; 1 В 1 
+5 2x sin — 
| арна لے‎ | | 


2 Gel) 1 1 
= li t xX+h X NU YA x 
ra таа Sin EE 


N 


+ 2x sinl. 0, sin 1 
x x 


= 33,2 cos. ji 1 
x lim sin Tate E 2905 
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: h 
Wu REED 
h 


= 2x? cos —.lim 
X Ao 
2x(x + h) 
1 пыт 
KOC КО ще 


= 2x* cos ze 1) + 2x sin} 
x 2х х 


ecce yore 
- cos = -+ 2x sin = for all x # 0. 
Now f'(x) = (x), (say) is continuous at x = 0 if 
lim e (0 + №) = lim e (0 = h) = e (0). 
0 EV 


Here limo(0+ A) = lim f (0 + h) 
hoo h9 


«th = 1 H c i 1 = — 
-iaf eg ge 20 +19. sia gig |= 1 


hoo 


lim ¢ (0 — 4) = lim f (0 — №) 
ho h-0 


ER d la sre - ; 1 m. 
= iaf соз; + X0 h) sin qz le 1; 


ho — h 


9(0) = f'(0) = 0, by (1). 
f (x) is not continuous at x = 0. 


6. Discuss the continuity of 4/((x — аЬ — x)}. 
(B U 1975) 


Solution. Let a « b. 

For а<х <Б, х-а>0 and b—x» 0. 
f(x) V/{(x — a(b — x)} is defined. 

Also Да)=0 
Kb) = 0. 


If x»bx—-a»0andb-x«90. 
^. f(x) is not defined for x > b. 

If x < a,x — a < Oandb — x > 0. 
f(x) is not defined for x < a. 


206 DEGREE LEVEL REAL ANALYSIS 


Thus f(x) is defined in the closed interval [a, b] as foliows— 
0, Wi 

Дх) = lve ¬ a(b — х)), a < x <b 

0 x = b. 


Now lim f(a + h) = lim /{(a + h — а) — a — h)} =0, 
2-0 һәо к 
Ҳа) = 0; 
lim Да + h) = f(a). So f(x) is continuous at x — a as it 


is the left end point of the domain of definition. 
EM. M CES reet ks 
Again lim f(b — A) = lim (b — h — аур — b + һу} 
=0 = f(b). 


-. Дх) is continuous at x = b as it is the right end point 
of the domain of definition. 


Leta < y < b. Then y =a + (b —4)9 where 0 < ө < 1; 


Now lim Лу th) = lim (y + h= ab = y һу 
= lim vifa + (b — 2)0 + h — a} 


x{b F h-a -(b — ajey 
= lim У — ap + h} 


ХФ — a1 — e) x Ay 
= Vb — ay. (b — a(1—90] ` 


= (b — aft — 9), 

ЈО) = fla + (b — aj 
- via + (b — ae — aba. 
= vb — а). t(b — aX1 — 0] 
= (b — a) fol — 9). 

-+ fŒ) is continuous at all Points such that а <x<b 

^ f(x) is continuous in the closed interva] [a, 5]. 1 

7. A function y is defined as follows : 


1 "y is the smallest Positive number th 
nteger". For what values of x is the functio, 


(5 — ag] 


at makes x + у an 
n continuous ? 
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Solution. The given statement can be shown by the following 
functional relation : 
х+ у= а whena-—-Il<x<ea 
ie. if a is the nearest integer to х. 
xty=a+1 whena<x<a+1 
ie. ifa + 1 is the nearest integer to x. 
Thus y = f(x) is defined as follows— 
fx)=a-x А а-1<х<а 
а+ 1-х, a<x<a+i 
where a is an integer. 
Now, lim f(e — А) = lim fa — (0 — h)} = 0, 
DR А-0 
lim f(a + A) = lim {a + 1 —@ — h} = 1; 
h-9 ho 
lim f(a — А) # lim f(a + h) for every integer a. 
h-0 ha 


fix) is discontinuous for х = a where a is any integer. 
Also it is clear by definition that f(x) is continuous for 
values ofa — 1 < x < a where a is any integer. 
The function y is continuous for all values of x that are 


not integers. 
Problem-Set 7 


1. Can the value of lim AE. be obtained ? Give reasons. 
x 


2. A function f(x) is defined as follows— 
O =x, <0 
1-0, 
E x> OF 


Does lim f(x) exist ? Verify. 
1-0 
з. @) If f() o x sin, x + 0 and ЛО) = 1,show that f(x) 
is discontinuous at x — 0. - (RU 1976; BP S C’83) 
Gi) 15: the function f(x) defined by f(x) = Sax Бен Ah 


and f(0)=4 continuous at х=0 ? (P. U. 1972) 
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4. (i) Discuss the continuity of f(x) at 


X = 0, 1, 2 where 
== — x4, x <0 
feo 5x — 4, 0r xe | 
4x* — 3x, |l ex 272 
3х + 4, 02825 


(ii) A function f(x) is defined as follows : f(0)—0, f) 
—i—»x, when 0<x «i and f(l-1. Discuss t 
at x=0 and at x=}. 


5. Prove that the function 


he continuity 
(P. U. 1966, °75) 
fa) == — a, O<x<a 
Јо) = 0 > X=a 

3 
fe) =a-<, x>a 


is continuous at x = а. 


(P. U. 1985) 
17 

6. Prove that 22 is discontinuous at x — 0. 

7. (i) Examine the continuity at x=0 and x =lof the follo- 

wing function— 
(Хх) = x= 
= ОКЕ 
3 = 0, х= 1. (P U 1976) 

| (ii) Show that the function f(x) where 


х, when 0< x< 4 
sœ=fi when x=} 


А ۱ 1—x, when i«x«1 
is discontinuous at x=}, 


(P. U. 1967, °70) 
8. A function Q(x) is defined as follows... 
e(x) = x? — а? 


Тш а леп O x< a 


(x) = 2a when x > а. 
Discuss if ф(х) is continuous at x = q, (M U 1975; P U 66) 
9. Prove that the functi EE 
г а unction f(x) lx dm * #0 
and f(0) — 0 is discontinuous at x — 0, 


10. (i) Is the function f(x) -3x +4 tan x continuous at 
x 
:= 0? Ifnot, how may the function be defined to make it 
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continuous at this point. Give reasons for your answer. 
x?—4 
х—2 
х2, f(2)=6 is discontinuous at x=2. What value may be 
assigned to f(x) atx=2so that f(x) becomes continuous at 
x=2? (P. U. 1971) 

11. Is the following function continuous and differentiable 
atx = 0? 


(ii) Prove that the function f(x) where f(x)— when 


+2x, —$«x« 
< 


3 
@ foe a ae 0<x 


(i) f(x) = x sin 4, x #0 


0 
$ 
$ 


Д0) = 0. (MU 1977, °79;Р U °77; A M I E °74, °80; 
Mith. U. *85; B. U. '85) 


12. If f(x) = f cos 4, x #0 
0x20 
find f'(0) if possible. 


13. If f(x) = x — 1 when x > 1 
= 0 when x = 1 
= 1— xwhen x <1 ie f(x)= |x-1], 
show that f(x) is continuous at x = 1, but not differentiable 
there. " (A M IE 1976) 
ES 
14. (i) Letf(x) =e 7 sin 4, х #0 
f(0) = 0. 


Test the differentiability of the function at x — 0, 
(ii) A function is defined as follows— 

e(x) = 1 + sin x, 0=х< 5 

© 


a 
wo) =2+(x-4) ; у *х< 


Discuss its differentiability at x = 5 
15. Discuss the continuity of the following function for 
real values of x. 


Ф306, 


D. L. R. A.-14 


210 DEGREE LEVEL REAL ANALYSIS 


16. The function f(x) is defined as follows— 


f(x) = $a, 0 < x <a 
= ھم2‎ le LË, م2 > × > ۾‎ 
7a 


ES х= 
а 
Show that f'(x) is continuous for every positive value of x. 
17. Habeas — 1)? sin i 2 FE |x| when x #1 
— 1 when x=1, 


be a real valued function. Find the set of points where f(x) is 
not differentiable. 
18. If f(x) = 1— x forx < 0 
= cos x for x > 0, 
Show that 
т 


(i) f(x) is continuous in — 1 < x < 21] 
MESA 


(ii) f(x) is differentiable in — 1 < x - (AMIE 1980) 


19. Show that o(x) = | x | + | x — 1 t 
is continuous but not derivable for x — 0, x — 1. 
4.9. Properties of Continuous Function 
Theorem 4.3. If f(x) and 9(х) are continuous at x = a then 


(i) f(x) + 9(x) are continuous at x = а; 
(ii) f(x) x 9(x) is continuous at x = а; 


(iii) 25 is continuous at х = а provided 


(x) #Ofora—h<x<a+h, 
Proof. Аз f(x) and o(x) are continuous at x = а, 


lim f(x) = f(a) and lim o(x) = (a), 
2әа 24 


(G) Let F(x) = f(x) + (x); then F(a) = f(a) + 9(2). 
Now — Him F9 = lim [f(x) 909] 


= lim + i on 
эш f(x) + lim x), {by theorem үн 


= f(a) + Ф(а) = F(a). 


F(x) is continuous at x = а. 
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i) Let G(x) = f(x) x (х); then С(а) = f(a) x «(a). 
Now lim G(x) = m Lf(x) x 9(x)] 


= lim f(x) x lim e(x). {by theorem on ` 
za za 


limit) 
= Да) x o(a) = G(a). 
G(x) is continuous at x — a. 


(iii) Let G@) = LL then G(a) — 19. 


d Beira LED) 
Not lim 99 = T 


= Tim s) {by theorem on limit} 
Ta : 


а, 
Я. д) = G(a). 
G(x) is continuous at x — a. 

Note. (a) If one of f(x), e(x) is continuous and the other 
discontinuous at x = a then f(x) + Q(x) will be discontinuous 
atx — a. 

(b) The properties (i), (ii), (iii) can be extended for a finite 
number of functions. 

(c) Bythe above theorem it is obvious that a. polynomial 
function i.e. а function of the type аух"-Ьаух”-1-Ь.... +аь, 
neN, аєК, is continuous at all points eR. 

Theorem 4.4. If f(x) be continuous in the closed interval [a, b], 
then, given e, the interval can always Бе divided ир into a finite 
number of sub-intervals such that | (xı) — f(x.) | «e, where zu 
and X are any two points in the same sub-interval. 

Proof. Suppose that the theorem is not true. 

Let c be the mid-point of [a, b]. Then [a, b] is divided into 
two equal sub-intervals [a, c] and [c, 5]. 

The theorem must not be true in at least one of the two sub- 
intervals [a, c] and [c, b]. 

Suppose it is not true in [c, b]. Denote this sub-interval by 
[а\, b]. It is evident that the interval [a;, 5] lies wholly inside 
[a, b] and is of length b, — a, that is, 1 (b — a). 
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Again divide [a,, bı] into two equal sub-intervals. We 
denote the interval in which the theorem is not true by [as, bal. 
Obviously the sub-interval [а», ba] lies wholly inside [a;, bı] and 
is of length b, — аз, that is, $ (bı — ау), that is, 


0-а = 6 - 0). 


Apply this process of repeated bisection. In this way we get 
an interval [2n, bn] in which the theorem is not true and this 
interval lies wholly inside the preceding interval [a5.,, b,.,] and 


is of length bn — an, that is, EC — a). 
b—a 
Eve pia 


lim (bn — an) = lim 
noo fico 

= lim bpn = lim a, = x, (say). 
5-00 n->0 


Suppose, for definiteness, that x, does not coincide with a 
or b. 


Since f(x) is continuous at x = x, therefore, by definition of 
continuity, there exists a value of $ such that 


| Ae) — Дх) | < $, when | x — xo | < 8. n D) 


If n be chosen so large that b; — a, is less than 5, then the 
interval [an, bn] is contained entirely within the interval 
[х pz 8, Xo SF 8]. 
Let x, and x, be any two points in (an, bn), then from (1), we 
get 


| fea) — Дх) | < E 


and [fx Лх) < 5. 
Now f(x) — f(x») = f(x) — f(x) + f(xo) — Дх») 
> | fea) Ла) | = |{Дх) — f0} + fox) — fox | 


> |Д) — Дә) | < S" Б 
= |Д) К) | < є. 


This is a contradiction to our supposition. Hence our suppo- 
sition is wrong, In other words, the theorem must be true. 
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Theorem 4.5. Prove that a function, which is continuous in a 
closed interval [a, b], is bounded therein. (Mith. U. 1985) 
. Proof. We know that if f(x) be continuous in the closed 
interval [a, b], then, given e, the interval can always be divided 
up into a finite number of sub-intervals such that 


| fea) — fa) | <<, К 
where ху and x, are any two points in the same sub-interval. 

Let the dividing points be x, = a, xi, xs, ...., хару Xn — b. 

Let x be any point in the first sub-interval [a, ху]. 

Then, from (1), we have 

| Да) — KE) | < e. ® 

Now f(x) = f(a) + { Дх) — f(a} 

= II = IKa + {Дх – fay | 

= |) | > |21 + ° = | 

> [Æ| IX) | +e using (2). 

In particular, when x = ху, 

| (з) | < |Да) | +e. +» (3) 

Again, let x be any point in the second sub-interval [x,, хь], 

Then from (1), we have 

| fea) — Дх) | <<. + (4) 

Now х) = Дх) UG) — fo) 

= | f(x) | = | UC9 — fe) | 

> |) | > Ла) |+ Л) — Дх) | 

> [fd | < | Дх) | + s from (4) 

= Л) < |Да) | + 2e, using (3). 

In particular, when x = хз, 

| fx) | < IKa) | + 2e. 

By proceeding in this way we get, when x is any point in nt” 
sub-interval [xa 3, 5], 

[Дх | < [f | + ne. 

This inequality is true for the whole interval [a, b], that is, 
all the values of f(x) in the interval [a, b] lie between f(a) — ne 
and f (a) + ne. 

Hence f(x) is bounded in [а, b]. 
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Theorem 4.6. 7f the function f(x) is continuous in the closed 
interval [a, b], then prove that f(x) attains its bounds at least once 
in [a, b]. (M. U. 1985) 

Proof. By the previous theorem f(x) is bounded in [a, Б]. Let 
the least upper and greatest lower bounds of Хх) in the closed 
interval [a, b] be M and m respectively. 

Then we have to prove that there are at least two points x, 
and x, in [a, b] such that f(x) = M and f(x,) = m. 

Let fo) # M, that means f(x) does not attain M at any 
point of [a, 5]. 

M — f(x) ¥ 0 at any point of [a, b]. 


Since f(x) is continuous in [a, b], 


therefore M — f(x) is also 
continuous in [a, b]. 


1 д Ь 
И =й must be continuous in [a, b], as M — f(x) z9. 


‚_ We know that a function which is continuous in an interval 
is bounded therein, 


ми =7) must be bounded in [a, b]. 


If G > 0 be its least upper bound, then 


Mfc <G 

> M-f(x)sG 

> f(x) <M – 2. 

This relation is not true, as M is the least upper bound of 
fx) in [a, b]. 


Hence our supposition is 


wrong. Thus f(x) attains its least 
upper bound M at least once in [a, 5]. 


Similarly we can prove that f(x) must attain its greatest 
lower bcund m at least once in [a, b]. 


This completes the proof of the theorem. 
Theorem 4.7. A continuous function whic 
two points vanishes at least once betwe 
if f(x) be continuous in the closed interyal 


have opposite signs, then there is at least 
a and b for which f(x) =0. 


h has opposite signs at 
en these points, that is, 
[a, b] and f(a) and f(b) 


one value of x between 
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Proof. For the sake of definiteness, let us suppose that 
Да) < 0 and f(b) >0. 

Since f(x) is continuous and f(a) « 0, therefore f(x) will be 
negative in the neighbourhood of a. 

Again since f(x) is continuous and f(b) > 0, therefore f(x) 
will be positive in the neighbourhood of b. 

The set of values of x between а and b which make f(x) 
positive is bounded below by a, and hence possesses an exact 
lower bound k. 

Hence a < k < b. 

Inthis way we find that f(x) is positive in the interval 
К « x « b and is negative or zero in the interval a « x « К. 

Since f(x) is continuous at x = k, therefore, by the definition 
of continuity, f (k — 0) = ДК) = ДЕ + 0). 

Since f(x) is negative or zero in a < х < k, therefore f(k — 0) 
must be negative or zero and, therefore, f(k), which is equal to 
ДК — 0), must be negative or zero. 

We shall now show that f(k) cannot be negative. 

Since f(x) is positive in the interval k < x < b, that is, 
b > x > k, therefore f(k + 0) cannot be negative and since 
ДЕ) = f(k + 0), therefore f(k) cannot be negative. 

Hence it follows that f(k) = 0 and the theorem is therefore 


proved. 
Note, (i) This property of continuous function is of great 


importance in locating real roots of an equation. 
Example. Consider the equation 2x? — x? — 2x + 3 = 0. 
Let f(x) = 228 — x? — 2x + 3. 
Clearly f(x) is continuous for real values of x. 
Again f(— 1) = -2-14+2 + 3 =2 >0 
fl—2) = - 16-4 4+3 = – 13 >0 
f — 2) and f( — 1) are of opposite signs. 
f(x) = 0 is satisfied for at least once between 
— 2 and — 1. 
Thus we can say, the equation has at least one real root 
lying between — 2 and — 1. 
(i) Geometrical meaning of the above property of а 
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continvous function can be understood as follows— 


If the graph of the function y — f(x) is continuous from 
x =a to x = b and f(a) and f(b) are of opposite signs then the 
graph must intersect the x-axis at some point between x — a 
and x — b at least once. 


. Theorem 48. If f(a) and f(b) are unequal, and A(x) is cotinuous 
in the closed interval [a, Б), then f(x) assumes at least orce every 
value between f(a) and f(b). 


Proof. Let G be any number between Да) and f(b). that is, 
Да) < G < f(b) = Ка) — с < 0 and f(b) — G > 0. 

Then we bave to prove that Дх) = G. 

Since f(x) is continuous in [a, 5], therefore f(x) — G must be 
continuous in [a, b]. 

Also since the values of f(x) — Gat x = a and b, that is, 


Да) — G and f(b) — С have Opposite signs, therefore Дх) — © 
must vanish at least once between a and b. 


Hence f(x) — G = 0 > J(x) = Сб. 
But, С is any value between Ха) and f(b). 
Therefore f(x) takes all values at least олсе between /(а) and 


f). 


Problem Set 8 


1. Using properties of continuous function show that the 
equation x5*—3x = 1 has at least one root lying between 1 and 2. 
2. Show that the equation 4i - 4-95 4.6 0, 


X—h х-ы  x— 
where 4,20, а,>0, аз>0 and M< a< has two real roots 


lying in the internal (22, de) and (Ap, A). 


ANSWERS 


Problem Set 1 
2. (i) 3 (ii) 3. 
Problem Set 2 


1. integer greater than / Men 4. 0. 
4e 2 


Problem Set 3 
1. (i) cgt; (ii) cet; (iii) div; (iv) div. 
2. (i) div.; (ii) cgt.; (ii) div.; (iv) cgt.; 
(v) div.; (vi) cgt. 
3. (i) cgt.; (ii) div.; (iii) cgt.; (iv) div. 
4. (i) div.; (ii) cgt.; (iii) cgt.; (iv) cgt. (v) div. 
5. (i) cgt.; (ii) div. 
6. (i) cgt. if р> 1, div. if p < 1; 
(ii) cgt. if p > 4, div. if p < 4. 
7. (i) cgt.; (ii) со; (iii) div. 
Problem Set 4 


1. cgt. 2. (i) cgt.; (ii) cgt. 
3. (i) cgt. if x < 1, div. if x > 1; 
(ii) cgt. if x < 1, div. if x > 1 
(iii) cgt. if x < 1, div. if x > 1 
(iv) cgt. if x < 1, div. if x 21 
(v) cgt. if x < 1, div. if x > 1; 
(vi) cgt. if x < 1, div. if x > 1 
(vii) cat. if x < 1, div. if x > 1 
(viii) cgt. if x < 1, div. ix 2 
(ix) cgt. if x < 1, div. ifx > 1; 
(х) cgt. if x < 1, div. if x > l; 
(xi) cgt. if x < 1, div. if x > 1. 
4. (i) cgt. if x < 1, div. if x > 15 
(ii) cgt. if x < 1, div. itus 
if p > 1 and div. if p < 1; 
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(iii) cgt. if x < 1, div. if x > 1; 
(iv) cgt. if x «1, div. if x >1; 
(v) egt. if x < 1, div. if x >1 
(vi) egt. if x < 1, div. if x >1. 
5. (1) cgt. if x < 1, div. if x > 1 

(i) cgt. if x > 1, div. if x <1 
6. cgt. if a < 1, div. if a > 1. 
7. egt. if x slorxz-—1,divifx»lorx«-1. 


8. div. 9. (i) cgt.; (i1) cgt. 
Problem Set 5 


5 


1; 


1. (i) cgt. if x 
(ii) cgt. if x 
(iii) cgt. if x 
x 

x 


_ 


» div. if x > 1; 
» div. if x > 1; 
TO d 


2 — ], div. iffx2»lorx«-1; 
MEO TE 


= 


2. (i) cgt. if 
(ii) cgt. if 


3. (i) cgt. if x > 


А ЛА А IK IK 
© 


e 
ved 


= div.if x < 1; 
e 
MOR о, div. if x > e, 
4. (i) cgt. if x < 1, div. if x > 1; 
(ii) cgt. if Le 

В > 2a and div. if р < 
5. (i) div.; b MD Limo 1; 
(iii) cgt. if Y--6—a— p> 1, diy, 


div. if x > 1, when x — 1 cgt. if 


i) cg ify+s—a-—p< 
6. (i) div.; (ii) cgt. 7. (0 div; (ii) div.; (ii) iy 
8. cgt. if x < 4, di.ifxzl ә фу 
е 
Problem Set 6 
2. cgt. 4. cgt. 5. (i) cgt.; (ii) cgt. (iii) с 
; gt. 
7. (8) 6) cg. if| x | < 1, cgt. if|x| = 1, div. if x > 1, 
not cgt. if x < — ]; 
(i) cat. if | x | < 1, diy, if x =1, cgt. if x= _ 1, div. if 
x > I, not cgt. if x < _ ДЕ 7. (b) absolutely cgt. 
8. (i) cgt. if | x | <1, Conditionally cgt, if x — 1, div. if 
х= — 1, div. if x 1, not 


cet.if x >1; (ii) cgt. 
9. cgt. if X > 0, oscillates finitely if x = 0, oscillates 
infinitely if x < 0, 
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Problem Set 7 \ 

1. does not exist. 2. exists. 3. (ii) Discontinuous at x=0, 
4. (i) continuous at x = 1, 2 but discontinuous at x = 0. 
(ii) Discontinuous at x=0, 3. 7. (i) discontinuous at x = 0, 1. 
8. continuous. 10. (i) no; ГО) = 7. (ii) f(x)=4 at x=2. 

11. (i) continuous but not differentiable; 
(ii) continuous but not differentiable. 12. 0. 
14. (i) differentiable at x = 0; 
(ii) differentiable at x = 5“ 
15. (i) continuous for all x; (ii) continuous for all x. 
17. {0}. 


HINTS 


Hints to Problem Set 1 


1. (i) Let x belong to the set R- of negative real numbers. 

Then x < 0  xeR-. So 0 is an upper bound. If possible 
let g be a lower bound of R-. Sox >g¥xeR-. 

As —1leR- —1 >g. Also 0> —2. 

«A —1+0>g-2o0or0>g-—l. бо g-—leR-. 

But S > g y xe R. Sog—1>g ie — 1 > 0 which 
is absurd. So R- is not bounded below. 

(ii) Let / be an upper bound. 

Then x <I¥ xeR. Asl+leR weget l+ 1 < 7 

i.e. 1 < 0 (absurd). Hence R is not bounded above. 

Similarly if g is a lower bound g — i > g (absurd). 

So Ris not bounded below. So R is unbounded. 


К 1 1 
2:1) җ=л uale iem a 


1 2 
—34 С — 2) З 
x > 3 ¥ xe А, (the set), So 3 is a lower bound. 


-. By continuum property, 4 has the greatest lower 
bound g. Sox 2g23. Let g=3+e Sox>3+e 
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a 
ín v ne N. 
ог » (n L) >3+e € 


Take n = 1. Then 3 > 3+e ог 0>e. 
But 0 > e implies g = 3 +e < 34+ 0 = 3. 


This contradicts the fact g > 3. So є = 0. So g= 3. 


Gi) x =3—n++ < 3 ¥ xe А, (the set) as ne N. 
n 


3 is an upper bound. 
By continuum property А has the least upper bound /. 
Sox</<3. Let l=3— є. Sox«3-& 


or 3-n4las-esnceN 


Taken = 1. Then3«3—«& 
But є < 0 implies I = 3 — e> 3—0 
This contradicts the fact | < 3, 
Hence | -3—e-3—0— 3. 


(iii) x > 0. So 0 is a lower bound. 


By continuum property the set 4 has the greatest lower 
bound g. So x > g V xeA. 


Now g + 0 because 0 isa lower bound. 

If g > 0 we can find e > 0 such that g — «e > 0. 

Soge belongs to 4. Sog-ezsg 

‘ie. 0 > є which contradicts the fact € > 0. 

Hence only possibility is g —0. 

(iv) [Note. Read F< Ras Fc R] 

As x is a lower bound, by continuum property of R (whose 
subsét is F) the greatest lower bound ie. sup F — E exists. 

So & > x. 

Now a > Е forall aeF. As xeF we get x > t. 

^ 8 > x as well as x >ëË. Sot= x 

As y is an upper bound, by continuum property the least 
upper bound i.e. inf F = п exists, So n <y. 

As n > a forall ac F and yeF, п> у. 

n < y as well as n y. So n=y. 
3. [Note. Read n < x « n-- Tasn& x < m + i] 


Let xe R. We have to prove that there exists an integer й 
Such that n < x < n + 1. 
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Take the set A = {т | т < x. meZ}. This set is bounded 
above by x. Soit has the suprenuum z eZ. 
xznandn»x—]|. Thusn+1>x >л] 


Hints to Problem Set 2 


L |m- | >= 
3 


[3 Б) 

Етте) Т Ae 5 
т = integer greater than {3 e EX 
4e 2 


<las 
n 


sinànz E 


n 


sinjnr 


2. | un | = 


| un | < e whenever n > + 
Given e > 0 there exists a + ve integer т = integer 


greater than 1 such that | и, | < є whenever n > т; 
€ 


So un > 0. 
1 1 1 Ж тй Dl] 
da om Un Oe a a 
1 1 1 п 
ам уыш ы чыгы илз у, 1; 
Ve Sas эт ЛП RET] TEES 


3< un < lI¥neN. 
iA 2 1 1 i 1 
Uns um (os tet tts) 
-H tue 23 
n+1 ОЕ SE 
trs Пато md 
= onal "cR CE 
1 
= а ыкы 0 
2n DOnc D ^ 
{иһ} is bounded and m.i. and so it tends to a limit. 
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- 


4. Take b, = x >0. 


je d vn 
Then а, = (1+ р 1) 


bitbit.. thn, 
n 


By Cauchy's first limit, an > 0 because b, > 0. 
5, lim an> 1+4+ ¢ + }) +@+iti +a) 
no 


T....t0 00 
Te 14+4+4+4+....to о. 


Let bn = 1 -- 3 2- 3 —-....to n terms 
T ie 
= 1 2 


lim a, > lim by = 00; .. ay > о. 
no noo 


-— со as n> oo. 


6. a, = 1+ shy аза = 14 1. 


1 
йз CAS орот > 0; 
{an} is monotonic decreasing. 


Also dn = 1+ 


= 21. 


So {аһ} is m.d. and bounded below. 
{аһ} is convergent to / (say). 


1 
Also 2an = 2 + جح‎ = 1+ апы. So when п >œ, 


=14+hk s 1-1, 
ES. ORT 
7. илы — u, = $23- Qn — 1) (2n+1 
тшп 3.6.9....3п (Sd -1)<0 


and un > 0. 
{un} is m.d. and bounded below by 0. 


So it is convergent to a limit greater than or equal to 0. 
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< __3:6.9....3п 
3.5.7.. ..(2n + 1) 
("7 numerator in и» has been increased and denominators 
has been decreased) 
1.3.5....(2n— 1) у _ 3.6.9....3n 
3.6.9. 


Again un 


UnUn < EE 3.5.7....(2n- D 
d 
2n 4-1 
1 
Un < >0. So un > 0. 
2n + 1 


8. (i) See worked out problem 8. Take k = 1. 
(ii) See worked out problem 8. Take k — 5. 


(iii) а = V7, а = VT+ VI = VT а, 
dy = V7 4+ V7 + V7 = MT ар,...., 


anı = 4/7 + ал. See worked out problem 8. 
Take k = 7. 
(iv) As above аһ = 4/2 + an. 
Take k — 2 in worked out problem 8. 
9. (i) ana? — an? = 2an — 225.5; 
dn+ı > Ог < aq according as an > OF < api- 
{an} is monotonic. Also a; > a, So it is m.i. 
Also ay? = 2as , < 2an; 
аһ < 2 for a, is positive as а. = 2an. 
{аһ} is m.i. and bounded above. 
So it is convergent to the least upper bound / (say). 
From ay? = 2a4., we get when n > co, I? = 2L 
1= 2 


(i) аг = 4/2, а, = 2a, ie. ag = 2a 
аз = J(24/Q4/2)— 2a, ie. а? = 2а,,....; 


Thus ад? = 241-1. 
See the above sum (i). 


[3 
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10. S, - 2Sn-1Sn-2 x 


Sn-1 T Sn-s 
means S5; is the harmonic mean between Sp-1, 


1 
By question, S, < S; ILS 


1 
Si 5: 


КУЯ 


As Ss is Н.М. between 5;, 5, we get E is A.M. between 
3 


l1 

Sy’ Ss 
MEN Д1] i 
3 5; > F7 S1 < Ss < Ss iS (1) 


5,15 ће Н.М. between S; and Sa. 
Sa < Sa, from (1); 
From (1) and (2), we get 
S1 < Sa < Sa < S, x ©) 
S; is the Н.М. between S, and S,. 
Sa < Sa, from (2); 
From (3) and (4), we get 
S1 < Sa < Ss < Sa < 5, 
Repeating this process we get 
S1 < Ss < Ss < S, <.. 


Hence the sequence {Sann} i 
bounded above by Ss. 


Again the sequence {Sa 


Sa < Sa < Sg. O) 


Sa < S; < Ss. T (4) 


..< Se < Sa < Sy. 


$ monotonic increasing and 


n} is monotonic decreasing and 
bounded below by S,. 
Hence both the sequences {San} and {San} must be 
convergent. 


Let lim San = 1 => lim Sen. = 1; and lim $4, = m. 


25S 
GE: 2n—1925—9 : 
Бы быу” ШАКЕ Р > со 


zm Om. 
UC ae s l=m. 


Hence both the Sequences converge to the same limit. 
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; 28,15; 
Again, '; 5, = .49n-19n- - 
‘ 3 Sn-1 + Ss. 
QAR y AC 
$. SES UST for all п. 
2 Rex 


z Ot at. 
Sse 


Ti р, аһы = 4(Gn + by) 
an+ i$ the A.M, between an and by. 
Again from bq, = —24nbn_ | 
Qn + bn 
Ont, is the H.M. between an and by. 
As A.M. > H.M. and а» is the A.M. and b, is the H.M. 
between a, and 5,. 
аз > Б, a (1) 
CASE I. Let а, > b,. 
45 is the A.M. between a, and 5, 


d, > da > by. 55 (2) 
Again bp = 22101 _ 22. 5 2-2 -1; 


а + bi 2а, 
= "ba > bi. 5 (3) 
7. From (1), (2) and (3), we get 
ау > ав > b; > bı. 
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Repeating this process, we get 
а> dy > аз > ..> bg > ba > br 
Hence the sequence "T and {bn} are monotonic and 
bounded sequences. Hence both are convergent. 
CASE II. Let bı > ау. 


As in caseI, we can prove that both the sequences {an} 
and {br} are convergent. 

In both the cases they must tend to a limit. 

Let lim a, = 1 = lim an} and lim bn = т = lim bnp 


n0. no noo 


nee aie азы 
lim апы —3( lim аз + lim Ёа) 
n0 n0 noo 
=i(l+m); у. 2=1+т; +. lem. 
Hence both the sequences tend to the same limit. 


an+ b 
Also anibani 57,5. des == anba = anba- 
п 


=....= d 


lim авы. um bia, = db. 
no 


> = ab s l= уар. 
This is the required limit. 
12. The given limit 


п)" 1 putes 
((n + 193 a 


nu 


I 
88 
E— I 
- 
io 
E 
ET 
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13. AS dn 2 0 v. ne N, К > 0 and a, > 0. 


Also 0О<а„=- SED 
1+ ana 
ie. {an} is a bounded sequence. 
NP ES Ebro 
SRLOCTÉO NI LI 
i+ dns 
2 
k — Gn-2 — an- 
"o T 23 n-2 1-2 
"s. ENT TTC REE 
аһ — ад = _k(1 + dna) К 


1 +k + ays Екй 
Z МК — ane — ама) 
SU GER: + an-2)(! + an-s) 
fey 
"ya Gn—2) 
ап > an-ı according as аһ < an-2: 
If а, > a, then а, > а> dg >....> dg > 04 > а, 
If a, < a, then a, < a < aç < .... < d < Q4 < Gg 


Thus (a5,) and {aen4;} аге both bounded and monotonic, 


Опе increasing and the other decreasing. Hence they are 
convergent, 


k 
Let a, > 1, am > 1. Then from a, = ТЗ we get 


[= TS > k 
IIT and / = Т] 

ie THN =k=l 4i; os 1=1. 

" Thus both the sequences {asn} and (2,541) tend to the same 

imit. 


according as n is even or odd; 
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or ?--1—К=0. 


TFT’ 
But Г is positive as 0 < an < k. So lim ay = positive root 1. 
fio 


14. Let an = a + en where e; — 0. Then 


abn + аф +... -+ anbi 
n 


za bit +... bs дай Ft... [73 
n n 
As bn > b, by Cauchy's first limit 


bit by +... bn yb, 
n 


AS bn > b, {bn} is bounded and so | b, | < k for all n. 
eibi + eaba +....+ єһһһ 
n 


< dal lel----lely.s0 
n 


because | en | > 0 (by Cauchy’s first limit). 


Hence Wa Peseta иро, 


15. As a, > 0, from ans, = 32a. 
1 nil ZF da we get 


а, > 0 ¥ neN and any, < E2” _ 2 
2+ a, d 


apa > 328 _ р. 


3 2а, So| <a, < 2 м пем. 
Now anı = an = 31 2an _ 3+ 24,1 
2 + an 2+ а 
Gn-1 — an 


( re ал)(2 +- an) 


Let а, > as then ар аз = а-ар _ — 
23 - >0 
(2 + ay Q2 + ay) 
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ie. аз > ds 
аз — а, 
"US dg > аз then a, — a3, = 3080 
yet ty eat) Ор Од 
i.e. а; < аз etc. 


аа < а, < dg <.... < dg < dg < ау 
Similarly, if a, < a4 we get 
аз > dy > Ag >.. .. > а >а 
7. {@sn41} and {ayn} are both monotonic and bounded. 


Let аз > 1, dan >l. 


Then as n — oo, from ans = Sis 2an, 
2+ a, 
3+ 2l „ 9 1221 TNT 
1 бе sab. eco 
ak 
.. When n > oo, from ар = 3 3 2an we get 
2 + an 
3--2l . 
к= ie. l=. 4/3: 
1 2 r7 1.€. v 
16. (i) As / > 1, choose e > 0 such that / — e > 1. 
Now lim вы „рш | u _ 7} <e 
no dp An 
E SES p.p onam: 
Gn 
a; aon за |, dmn Se) 
Ün-i ар аш 
an 


> ([— Am = | an| > | am | d= сд 


-. {аһ} diverges to + оо (or — co as terms will be of the 
Same sign.) 
Gi) |Z| < 1 > we can choose e > 0 such that 
11+е<1. 
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Now | Swa. -1| «e 
n 


= |ы нш ес аз 1 | <e for n >m. 
an an 
a ie < |1| +« <1. So as above we get, 
n 


[ава | < (|1| + 9777 | ag | +0 as n -> о. 


1 1 1 
17. Let an= +— +... - + 
DLE TOW EET. A ntn 
1 1 1 
< dr Ap 
0 n+l mx) nl 
<n 1 1 
“e an ———— . Also an> JUR 
n +1 V nê+n nn 
E 
nn тп 
п п 


2. When n2 co, Ixlim as« 1. 


Hints to Problem Set 3 


1. (i) Here un = A 3 z 


Take v, e lim 0% 2, 

n R30 Vn 2 
But Уул converges and so Zun converges. 
(ii) Here и, = n-E 1 


. Tak mob. па 09593; 
neo SA ni? ud 3 


But Уул converges and so £u, Converges, 
ul 2n — 1 

Неге йй e 
(iii) MEAT 


Take v, — 1; lim “z= D 


no Уп 


HINTS 


But У vn is divergent and so Zu; diverges. 


i = 2] + 1 
(iv) Here in = aa pare ` 


21. ваз 2 
Таке. п’ Am 3» 


But > vp is divergent and so Zu, is divergent. 
k cae 
2. (i) Here un = aD 


Take v, -li lim & = 1. 
no n 


But Zv,is divergent and 50 È Un diverges. 


i 2n - 1 
(ii) Here un = ane ED ү 


=l; шш-®=2. 
Take ya Um i Yn 


But Sy, converges. So Zun is convergent. 


nt l. Take je lim 4% = 1. 
п? n 


(iii) un = lim "e 


But > Yn diverges. So Zu» also diverges. 


i 1 ЭЛ. tim 1 
(iv) un = ESE Take Yn = =33 lim SUNT 
But Jv, is convergent. So Zu, js also convergent. 

уп Sool Рр =й. 
(v) Un = = Ae Take vn uu 


But Sv, is divergent. So Eun is also divergent. 


1 
(Wi) ш = aes y 


Take v, zi lim “ = 1. 
n n0 Yn 


But ¥ vy is convergent, 


ee i 
i уп ЕЕ 
3. (i) un = CUu Take vs m 


So Sun is also convergent. 
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But Zv,is convergent. So Zu, is also convergent. 


а 1 1; аә ud. 
(ii) NA eae mee, Take ا‎ = 50 lim 5 


But Zv,isdivergent. So Zu, is also divergent. 


M An 4-124 Vn ji n 
(iii) us = vat lye Take v, DP lim oet 2 
But Dv, is convergent. So Xu, is also convergent. 

n ae 8 
69 w = (zs 2). ны d o gA 
But Dv, is divergent. So Su, is also divergent. 


n 2 
аА) “ул = e VATES ta ч ыл... 
: VEFi î = Î 


Take v, = lim a = 1, 


nO Уд 
But X», is divergent; so zu, is divergent. 
(Gi) uy = VE FT — ne ——. 
mT + nî 


Take vp = у tim Hn a). 
nī nso Уд 


But Z ул is convergent; so Xu, is ае 


(ii) un = Vn FT — у 


жүн: 


Take v, = 4. lim “2 1 


п# no Vn 2 
But У Ул is convergent; so 5 up, is convergent. 


(iv) uy = ym + 1 — yn? =] = 2 t 
Vr +1 + Vn 1 


Take vn = Y lim A = |, 
п 


n>n Уд 
But Уул is convergent; so У Un is convergent. 


1 
(у) un = Vr +1- n= t 
Vm + 14 п 
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Take эл =-1; lim #® = 2. 
т->оо Ул 


But Уу, is divergent; so У иь is divergent, 


А 1 
NOMEN си ue 
vmi + dn 


Take y, = 1. jim "^ 1, 
CC Uer 2 


But X», is convergent; so Xu, is convergent, 


m 1 
(ii) uy = VET — yn M. 
vn 1 n 


But X, is divergent; so Xu; is divergent. 
1 


Take vp = 1; lim E = 


6. (i = 
() un П? тэо Ул 2? 


1 
Qn – Dî 
But Xy, is convergent or divergent according as 

р> 1ог <1. 
Zug is convergent or divergent according as 


p»lor«l. 


(i) a Oe ТЫ ы А8778 
a пуп + 1 + vn) 
Таке у, = lu lim UA EN 
NPT” nso Ул 
But Ху, is cgt. or div. according as p+ 4 > 1 or <1. 


So Sun is cgt. or div. according as p > 1 or < }. 


7. (i) и, = SOx = I =Й 
"Terr CED " 

take yp = ЦОХ а SERIE al 
ата 


But уу, is cgt.; so SV, is cgt. 
AS un < Va, Zu, is also cgt. 
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P ieee le mum et = 1. 
@ ш = > sin 7; take te = т iyi 


But Уул iscgt; so Xusiscgt. 


Gii) un = tan? E take y, = 1 


—; 


lim 2% = lim = 

ND Yn no EN eo tanê 
n 

But Уур is div.; so X4, is div. 


Hints to Problem Set 4 


2.4.6. n 
1. uy = XU. Te leaving the first term. 
ашар LEUTE Nt 
PE Оп 3-3) e lim 0 <1, 


no Ид 


So Yup is cgt. by D'Alembert's test. 
26 Hsu A + D7 Ln 
(i) Here mE ШЕРИ T 


ied ji IN 
zm) >0< 1 аѕ п > о. 
Z un is cgt. by D'Alembert's test, 


(ii) Here un = 1л, 


п"? 
Un Ln (n + тшеу 
ГАР Tm m put TEE 1+ Шур 
lim!» 


=e>1; 
nwo Uni 


Уи» is cgt. by D'Alembert's test, 


3, (i) Ye = 20—5 (n+ 15 ~ 541) 1 
p Uny 1 — Sn E аноде ix 


——asno 
x со. 
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-. By D'Alembert's test, Xu, is cet. if x «1 and 
divergent if x > 1. 


2n— 5. 1 
When x = 1, uy = Soe take Jn = Ep 


2 and Хуп іѕ срі. So Zu, is also cgt. by 
n 

comparison test. 

xl ип aaa Oe 


1 
л tiny ол xe 
-. By D’Alemberts test, Xun is cgt. if x < 1 


and div. if x > 1. 


Clearly 


(ii) u, = 


When x = 1, un = 218 take уд =i. 


2n — 1 
Clearly "5 > E and Уур is div. So by comparison test 
Yn 
Zu, is div. i 
р 2, 


2n? — 2n + 1 
so #2 2n — 12m +2n+1 1 


So by D'Alembert's test, xus is cgt. if x < 1 and div. if 
x2]. 
2n—]l . 
2Ó — 2n + V | 
Clearly “+1 and sy, is div.; so by comparison test 
Yn 


1 
When x = 1, u, = take ул = —. 


2 Un is also a : 
Я Un = 
а TE a, 
So by D'Alembert's test, Sup is cgt. if x « 1 and div. if 
хэ. 
When x = 1, the series is 1 + 34 5+7 +... t0 ©, 
which is clearly div. 
id Un n+2 


х I 
ee e) D am 
n(n + 1)? Uni n oUX 


ue) 
x x 


(у) un = 
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So by D'Alembert's test Zun is cgt. if x < 1 and div. if 
х> 1. 


When х = 1, up = 


take уһ = ds 
n 


i 3 
n(n--1)* 
Clearly -> Чп +1 and Ууз iS cgt. 


oN is cgt. by comparison test. 
(vi) ns email a+ DEL iy 


So by D’Alembert’s test xuy is cgt. if x < 1 and div. if 
232556 


When х = 1, u, = 


п 
n +1 
Clearly #7 ТР 1 and 5 vp is div. 


л By Login test Sup is also div. 


(vii) = 23n— 32» + 6и? бл +1 1 , 1^ 
Te Sear 218 — 1 о, Xl 
So by D’Alembert’s test Sup is cgt. if x< 1 and div. if 
ox. 
When x = 1, m= > Әлен de, take y, — 1 
oT 1 ^om 


Clearly “ л > i and Ууз is cgt. 


So by comparison test X un is egt. 


TA 2n m 

(уш) Un = rum 1:3 d 

БО Tete eto л ЕП 1 1 
Ui. n+l wal xx 


So by D’Alembert’s test Zun is cgt. if x < 1 and div. if 
КО 


2п 
When х=1, Wap take mat. 
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Clearly A2 and Zy, is div. So by comparison test 
n 
У unis div. 
(ix) ил = =н 


(е туут m 
“n _ (+ + 2)/n- 1 jl 1 


my (14 Mn E 
So by D'Alembert'stest Xu, is cgt. if x < 1 and div, if 
vun 


take v, = a 


пЁ 


Clearly 72. + 1 and vy is cgt. so by comparison test Xu, 


When x = 1, up = CES 


is cgt. 
E 2n — 1 Hag 
(x) un = m- Fi DI 


uy _2 1 EE U N 
ИЗИ Qnid nix 5 

So by D'Alembert's test Xu, is cgt. if x < 1 and div. if 
х> 1. 


Оп ld WEL 
When x = 1, un = merri take vn ri 
Clearly J^ > 2 and x», is cat. So by comparison test, 
Yn 
Zu is cgt. 


n 


x 
n +1 


(xi) Leaving the first term, иһ = ; 
un (n D*-xIg Ply 5390188 
Ung п? +1 x * 


By D’Alembert’s test, Xu, is cgt. if x < 1 and div. if 
x >], 


take v, = Ur 


1 
Eom HINC ERU nt 
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Clearly “8 > 1 and Уу is cgt. So by comparison test Zun 
Vn 


is cgt. 


Ги 2п +2 1 "ut 
а D = ЖЕ 1л “ЭС Xy 
So by D’Alembert’s test, Zun is cgt. if x < 1 and div. if 


xi 


When х = 1, us = take y», = = 1, 


1 
EFI 


Clearly Z un .]| and zv, is div. So by comparison test 
Yn 


Xu, is div. 
Жик 2п 2n + 3 зү I 1 
Ut DT Опт, ner 


So by D'Alembert's test, Ун, is cgt. if x< 1 and div. if 
x als 


take v, = l 


When x = 1, u, = 3" 
n 


ee 
Qn + DF 


Un 


Sg. > x and Zv,iscgt. if p > 1 and div. If p < 


So’ by comparison test Xu, is cgt. if p > 1 and div. if 
р <1. 


FED +31 . 1 
үн ae = EEE EE ES 


So by D’Alembert’s test, Уи, is cgt. if x < 1 and div. if 
SS ls 


= MiTo. 1 
When x = 1, un = 283 take Yn = а. 


Clearly 4% vt > 5 and Zyn is cgt. so by comparison test 


Zug is cgt. 
inem UD PD D d» 1 
Ung (+ 1000-2) "x "x 
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So by D'Alembert's test, Уил is cgt. if x < 1 and div. if 
> 


n+l, 


Wh = = 
en x= 1, t ж? 


take v, = i. 
Clearly P -l and X vq is div. So by comparison test Xu, 
n ` 
is div. 
(v) Dm + терй ы ШЕШ VA dE (ЖЕШ 8. 
Un+1 n+ yi + т? x 


So by D'Alembert's test, Sup is cgt. if x < 1 and div. if 
xl. 


1 
When x = 1, из = take v, = = 


1 . 
a+VJfi+n ў 
С1еапу Un эт and Xv, is div. So by comparison test 
Yn 
иһ is div. 


a 4» f GEE D(IS 10 11. 
(Uo al WERDE) EOS 


So by D'Alembert's test Zu, is cgt, if x < 1 and div. if 
Xe 


| K 
When x = 1, un = n+l. take y» ou 


n +1 
Clearly Pi 51 and Zu, is div. So by comparison test 2 ts 
n 


is div. 


5. (i) un -5 1х; 
So в n= 1G Ite 1, 
изт n3 + 1 (n+ 1)3 —1 x 
So by D'Alembert's test, xu, is cgt. if x < 1 and div. if 
X » 1. 


a 
=: 
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nu 1. S os 
When x = 1, un = YD take v, = 1. 


Clearly = +1 and Уу» із div. So by comparison test X; 
n 


is div. 
(or lim u, = 1 #0. So Xu; is div.) 
nao 


i 1 
Шш = Тайша 
So в 1+ (+ gu _ и т) х 
Ксы апга xm 
x*(n4-1) n+] 
lim A = y if x >1. 
n-o Uni 


Un 


So when x > 1, >× >1. 
Und 


So by D'Alembert's test Xu, is cgt, when x > 1. 


1 1 
м ; و‎ ч ius uela sadi 
hen x < 1, Zun 2] muc PAL 


Clearly 5 + is div. So zu, is div. when x < 1, 


1 1 1 1 ; 
Whenx-l,zu-2z—— - 1,11 
hen x Zun Эту р. which 
is div. 
6. Clearly it is a series of positive terms after some stage. 


g^ Un _ xpa | 


во, с=з l, 


Un = A? , 
xan Una X + а" ` д 


Ifa < 1, а% >0 and so E , x 1 ie. Ly. 
Una ЕЙ а 


By D’Alembert’s test, 5 u, is cgt. when a < 1. 
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1 а"-1 
When а > 1, lim u, = lim 
no 


EXE 


lim == ine 
Weder gn 


So x uis div. for a > 1. 
yin-2 | 
(2n — 1)(2n + 1)’ 


So Mm . Qn DQOnr3 1,1. 
Una  (n—1(2Qn+1) x x 


7. un = 


Е Eel ; 
so by D’Alembert’s test У u, is cgt. if Sli nen ep 


"on asl 
ie x <1 or x > — 1 while Xu; is div. if = T 
ie, x51 Tete хе» Л OSE 


1 
If х? = 1, uy = 2 take ул = т. 


1 
4n? — 1 


Clearly “x >t and Уул is cgt. so, by comparison test 
Yn 


È un is cgt. 
1 
aan Па tee ES ше з —_ 
8. иһ = ст 50 UNE = Ln . (n ТЕ pe ( Е: = 
So lim "^ = 1 <1, 
no Un44 e 


By D'Alembert's test, zu; is div. 
. 1 -n 
9..0) w= (1 n" 1) 


So ae” ek 


= (14 1) - qe 


242 DEGREE LEVEL REAL ANALYSIS 


By Cauchy's root test, X un is cgt. 


1 


1 А aoc 1 
(y Dus. cU a 


By Cauchy’s root test, У ty is cgt. 


Gi) un = 


Hints to Problem Set 5 


2.4.6....(2n) E. 


IU n STE ая DORT ч 


иһ _ (2n + 3)(2n + 4) ob 1 
Бы EE (2n + 2? UxCUX 
So by D'Alembert's test, Su, is cgt. if x < 1 and div. if 
xil, 


if ii, nf uis cu 
Unda 2n + 1j 
So by Raabe's test Zu, is cgt. 


Gi) un = Is Seen 3) x" 


“ed > 1. 


Оп — 2) n Y 
807: AQ. „м 
Un+1 (2n — 1} x 
So by D'Alembert's test, Zu» is cgt. if x< 1 and div. if 
xit. 


It x= 1, n(% -1)- UT EN 2 
DEI ip a 
so by Raabe’s test X up is cgt. 


(iii) Leaving the first term, un = 3.6.9... .3n x^; 
70.13....(3n p 4) ° 
Gt unm a n-E ВИ 
Una 3 + 3 х Чч 


4 by D’Alembert’s test Sun is cet. if x < 1 and div. if 
x> 


xe tnt - 1) = 4n 4 
UTE 1 SEES Zl 


So by Raabe’s test 5 Un is cgt. 
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2.4.6... ..(Qn — 29 ы, 


2. (i) un = 34.5 2n 
so Hn _ (21 + 1020-2) 1,1 
Una (2n)? xà xt 


So by D'Alembert's test, У ип is cgt. if x? < 1 
ie. x « 1 or x» — 1 while Xu, is div. if x? > 1 
ie. х> 1 or x< — 1. 
2 = MOE = 3n+1 3 zs 
piu (ае. ) mn 19 
So by Raabe's test X u is cgt. 
(ii) Clearly it is a series of terms of the same sign. 


.3.5....(Qn — 1) x, 
Leaving the first term, un = 1 352 T 1? 


Un (2п + 20п + 3) 1., SIN 
Wen AGE) нн UNS 
So by D'Alembert's test, У иь is cgt. ifx*«1 

ie. x<1 or x» — 1 while Sup is div. if x > 1 
ie. x>1 or x< -1. 

If = 1, n(o -1)-@ ш>! 


Uni 


SO 


So by Raabe's test X un is cgt. 


3. = тт, 


so Un us PUE ga 
Uni n (n+ 1)" x 
1 


i pd 
So by D'Alembert's test, 5 un is cgt. if > 1 


; Р 1 
ie x> L while Zu, is div. if x < 3° 
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Un 
Un+1 


1 
=n [rose Hie toe(1 + 4) — nios(1 ete 1) 


(eet a ) 
E n 2m +... 


= 1, nlo 
AL EE g 


So by D’Alembert’s test, xus is cgt, if I > 1 


ie. x < e and div. if x > e. 


ab 
axes 


So by logarithmic test, 5 u, is div. 


If x =e, nlg = -d + 


1 
> – = < 1. 
па 2 


! 18.38.52.. (2n — 1. 
к.да жй а E 


so К _ Qn-E2? 1 
Usa — (2n + 1 x 


514 
x 
So by D'Alembert's test, Sun is cgt. if l $1 
x 
ie. x « l and div. if x > |. 


If x — 1, lim („= -1 


n-o Unt 


Then li ay از‎ 
en E Is 1) ILE 


) = 1 and so Raabe's test fails. 
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—n-l 


"apap IE 


-4. 5m ا‎ аре 
4n? + 4n+1° nm 4 


So by DeMorgan and Bertrand's test, us is div. 
(ii) Omitting the first term, 
a(a + 1)%(a+ 2}... (а +n — 1} 


MAIS m а.а. а) oe 
So = (+в) 1,1 
ay (а + п)? х es 


р рү h 
Therefore, by D'Alembert's test, У un is cgt. if == > 1 


ie, x«l (s ix 


= 

ad} 

ae 
a 


So by Raabe’s test, Dun is cgt. if B+ 1—2a>1 
Le. В > 2a and div. if В < 2a. 


it p = 20, (zs -i)- ree 
Unda 


zs on logn, 0 = 0< l 
(a +n}? n 

So by DeMorgan and Bertrand's test X un is div. 

(п + ап + b) nri: 3 57. 


If x-1, nf 


MIL Welder ITD a 
So D’Alembert’s test fails. 
(E ree 1) 
Unda 
n? + n(2a + 2b — 1) + Зар >l. 


ж (a + b+ 2) + n(l тат 


So Raabe’s test fails. 


b+ ab) 
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Un - 1) в 
Now b 
2ab—1-—a-—b 
арза logn 


= 2 1+a+b+ab’ п 
1+ РЕ That bre 


>@+b-3x0=0<1. 

So by DeMorgan and Bertrand’s test Z un is div. 
3 = Xa t Da 2-...(a-E ri — 1), 

Gi) Me = ш TE 2)....(53-n — 1) 

un — b+n 1. 
Ж БӨР ДЕН ae 
So D'Alembert's test fails, 
bn — an 
in DE nes 28 ian: >b-a, 

Now n( ) "E 

So by Raabe's test, Xu, is cgt.if D—a >1 

ie b>a+1 and div. if b < a+1. 


Ifb=a+1, bs ES 1) - thos n 
Una 


——. 5 -а.0=0 < 1, 
а+п п 


So by DeMorgan and Bertrand's test, Sun is div. 


(iii) uy = S + 1)... (ап — рр D....(B4- n— D) 
Y +Е1)....(т-Еп — DS + (6н 1) 
So Mm _ (Y En) п) 


"nsi (24 ппу ^b 
So D'Alembert's test fails, 


Now (ze E 1) 
Unda 


= (65 Su- B) + пә — ap) nici 
EET p ED -Y-$6—a 
So, by Raabe’s 


іу. ітар, 


test, Sun is cet. if + +8 — a — 6> 1 and 
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If y--8—a—B- 1, ve ave | (E -1)- foe 


n+ 


£ 
yó—oaB -a-ß- ^, logn 


„(ба qu 
> (vô = aß — a — 0.0 = es 
So by DeMorgan and Bertrand’s test, 2 un is div. 


о 
, = a > ЛШ 
6. (i) Here p = 1 in > ilog п)? 


So the series is div. by auxiliary series: of Caney 
condensation test, 


T t i اس‎ 
(ii) Here p = 3 in 2 пор? ` 


ch 
So the series is cgt. by auxiliary series of Cauchy 
condensation test. 


7. (i) f(n) = log п is positive decreasing а5 7 Vu i 


faster than log п. So a^f (a?) = nlog a. 
iv. Б 
But Xnisdiv. So уа" (а") and hence Sf(n) is div. by 
Cauchy condensation test. 


(ii) s(n) = Û is positive decreasing. 
log n 


So anf(a") = DTI = us (say). 


Now = (14 D)l- Lie tigate 


" Cauchy 
So by D'Alembert's test, Хип is div- pu 
Condensation test. x f'(n) is div. 
] : positive 
- logn log" .. fin which is Р 
(iii) us, Br Saar f(r) 
decreasing, 
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So 2/0 = PEL n= э» (say). 


Va c DS. 
Now ys PES 


So 5 237(2%) is cgt. So by Cauchy condensation test 
Zf(m)iscgt. Hence by comparison test Xun is cgt. 


d. ed 1 - 1 
lg tg te 6x и ntl 
8. un = x So a= x 


Un+1 
So D’Alembert’s test fails. 


Now n log "^ = 


rem n = 1 


logx > юв 1. 


So by logarithmic test Xun is cgt. if log І > 1 


1 a 1 
SH Y^ іе es 


zc) log n 


1960204 1; 


YONG 
Г з 
14E 


Hence by Higher logarithmic test У un is div. 
9. иһ = — 2747.6... (ong 


EST... On тр 


Qn + 1)” 
e BER (143) ey 
(1+2 Dir. asi - 2. +5- -— 
Un 


= 1,1) 23 43 
1а 1р : 
Una ч TN LER 


By Gauss’s test 2 Un is div. for here c = 1. 
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Hints to Problem Set 6 


1. First series iszt [o x E when p = 1. So it is div. 
The second series is alternating for which un >0 and 


Un > иһ. So by Leibnitz’s rule it is cgt. 


ES um _ ntl Ly 
2. Here u, = eae AA ролга 


1.©. Un > из. So by Leibnitz’s rule the series is cgt. 


s : 1 
3. Xx | un | = z ap which is div. forp = 4< lin ix 
But u, >0 and un > Uny. So by Leibnitz's Rule the 
alternating series Sup is cgt. X | un | is div., the given series 
is conditionally cgt. 


ч А 1 
4. It is an alternating series. Numerically, un = xum 20. 


and un > uny, So by Leibnitz's rule, the series is cgt. 


4 gn 
5. (i) The series is alternating and ип = > 0 as 
т-1 
n > оо for 0 < a < 1, also ^^ 3а үл кй 


tne, n—-la a 
le. U, > ug. So by Leibnitz’s rule, the series is cgt. 


isi AR ir t а" 0f 
(ii) The series is alternating and un = zy > 0 tor 


а"%(1 — a) 
O<a<1, Also us ты = oy aes > OFF 


0<a <1. So uy > unr. So by Leibnitzs rule, the series 
is cet. | 
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«= و‎ 1 = – (а. +) 


take Vn = = Clearly > Lx + 0 when x + 0. But Z Vn 


is cgt. So by comparison test X | vn | is cgt. ie. У уһ 15 
absolutely convergent. When х = 0), the series vanishes. 


А = n? А 
7. @ ш = o трд? 
| unl _ Qn + DOn + 2) 1| + 1 
| n+ | (2n — 1)2n x x 


So by D'Alembert's test, У | un | is cgt. if | x | < |. So xta 
is absolutely cgt. and hence cgt. When | x | < | i.e. x < | or 
x> -1. If |x|=1; х=1 or —1. When x =1, the 


Series is ghey +.. 


L 1 
12 74 ..Then uy, = 


Ол — Da! 
take vy = 47 Clearly 4% > 1 and У vw, iscgt. So Y unis 
n Yn 4 
also cgt. (by comparison test). 
А 1 1 1 
Ifx = — 1, th sb COUPS HM Р: -— 
x e series becomes 12 34 + 56 
which is alternating and by Leibnitz's test it is cgt. 


(7 us > 0 and Un > Unis). 
If |x|>|,x>1 or x«—1 


In case x > 1, it is a series of positive terms and 


-m _ Qn-)Qn--2)1 1 
Unas (2n — 1)2n o iem s 
So by D'Alembert's test У uj is div. 


In case x < — 1, let x = — y and so y > 1 and the series 
becomes 7. Lt Z- i Tes 


zou A. 

ES Qn- Dn ^ ge? 55nlogy > 8 logn after 
Some stage (as y > 1) we get уп > 4g after some Stage. So | un | 
does not tend to zerc. Hence the Series is not convergent. 


HINTS 251 


xmi. Е 
2n—- 1 [ы] 29-1 
So by D'Alembert's test 5 | u, | is cgt. if | x | <1. 
| So > ил is absolutely cgt. and hence cgt. when |x| «| 

Le. x «1 or x ><. 
E [x] =1,x=1 or — 1. 


Hs 
x 


(ii) up = di 


ds 
x 


When x = 1, the series is 1 +4 + +... 


Sou, = 


2n i 1 take v, = 1. 
Clearly X v, is div. and so X tp is divergent. 
LANG 1 1 1 

When x = — 1, the series is 1 — 5 +5 pen 
which is cgt. by Leibnitz's rule. 

It | xi: 1p 0t x«-L 

wW Eg aL 229; 

hen x > bon m1 x 737 
So by D'Alembert's test, 2 Ча is div. 
Ifx< =1 let y= _ xandy >1. 


нле + < Т 
Then the series is 1 cr 5 7 T 


nci ."لز‎ as (n— D108? < log 2n 


>=, 


Тһеп | ua | = 3 { 


after some stage (as у > 1) we get ^ 
So | и, | does not tend to zero. 


Hence the series is not convergent. 


-1 > 2n after some stage. 


ati cos nx 1 
ii = E 
(iii) | un | LF < |2 


1 ; Н 
But у l| is cgt if k > 1. 
So by comparison test, X | Yn | is сві. and so Zln ¥8 
absolutely cgt. 
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ze 

8. G) | ual = Iz 
Me | (1) | 1 ete 
so | it m x EZ 


So by D'Alembert's test the series is absolutely cgt. and 
hence cgt. if | x | «1. 


If |[x| 21,x-1 or, —1. 
SA. 1 1 , 
When x = 1, the series is — 1+9 ex +....for which 
Un > 0 and и» > un+ (numerically). 
So by Leibnitz’s rule the series is cgt. 


But Z | ua | is div. forp = 3 < 1 in 28. 
Hence the series is conditionally cgt. when x — 1. 
When x — — 1, the series is 1 td +4 +..which is div. 


ПАК 5 19 x51 or Xo 
When x < — 1. let x = 


Fy) 
Soy > 1 and the seriesis 7 J? Ура 
y SB dnd te + 


which is a series of positive terms and 
Un =(24 i 1 1 
— = К < 
Uni y 
So by D'Alembert's test the series is div. 
When x > 1, п log x > 3 log after Some stage, 
So x” > 4/n after some Stage. So | u, | >1 after some 
stage. 
Therefore un does not tend to zero, 
Hence the series is not cgt. 


(ii) Tt is alternating, | u, | = log. 


So numerically, lim u, = lim E 
nao fico n 


Ш 


lim =0 


n0 


map 


NI 
< 
чә 
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and и, is decreasing as y/n increases at a faster rate than 


2 log Vn. 
So by Leibnitz's rule, the series is cgt. 


9. See 3.1 when x = 1; here take x — 1 in place of n. 
Hints to Problem Set 7 


1. lim f(0 + h= lim = 1; lim SO — A= lim —^- 
hoo no h DEO noo — h 
= — 1. So the limit does not exist. 
2. lim f(0 + A= lim (0 + A)? = 0; 
ho ho 
lim f(0 — В) = lim (0 — А) = 0; so the limit exists. 
һ->0 h-»0 
3. (i) lim f(0 + A)= lim A sin 1/h = 0; 
h-0 Ao 
lim f(0 — = — h sin Î = 0; f= 1; as0 =0 +1, 
ħ->0 = h 


f(x) is discontinuous at x = 0. 
(ii) Similar to worked out 2. 
4. © lim f(0 — = lim —(0 — 9 = 0; 
—0 >i 


lim f(0 + h)= lim [5(0 + A)— 4= — 4; fO= — 05 
h-0 hoo 


So discontinuous at x = 0. 
lim f(1 — A)= lim [5(1 — /)— 4]= 1; 
LES hwo 


lim f (1+ A)= lim [4(1 + A? — 30 + ]= 1; 
h=9 hoo 


S(1)= 5.1 — 4 = 1; so continuous at x = 1. 
li = Ry hi = = — Ю]= 10; 
lim /Q — = lim[4Q — 0 — 30 — 00 
li M ^m 
lim /(2 + №) = lim [32 + + 4] 10; 
SQ)= 3.244 = 10; so continuous at x = 2. 


(ii) Similar to above. 


5. li ae а — hj 20 
pa- ю- pmf 4 0; 


lim f(a + h)= lim [ d шай | = 0; f(a)= 0; 
> һ->0 


SO continuous at x = a. 


254 DEGREE LEVEL REAL ANALYSIS 


6. Jim f(0 — №= lim 27 x = lim дт = 0. 
nen 


E 


lim f(0 + А) = lim 2^ = 00; So discontinuous at x = 0. 
hoe hoo 


. (i) li = lim [0 = 0; =e 
7. () lim f(0 + = lim [0 + A]= 0; f(9)— 1; 
so discontinuous at x = 0. 
lim f(1 —A)= lim [1 — A]= 1; f (1)= 0; 
so discontinuous at x = 1, 

(ii) Similar to (i). 


8. lim f(a - h= lim (6 — 97 — а? 
^» a—h-—a 


= lim (— h + 20) = 2a, 
lim f(a + № 7 lim 2(a + h)= 2a; f(a)= 2a. 


so it is continuous at x = а, 
1 


9. lim f (0 + = lim 
ħ->0 ho 


zl; 


Ite? 


1. 
Th 


А 0= 
Mig e 

le^ 
So it is discontinuous at x — 0. 


10. (i) lim /(0 + h)= lim 30 + + 4 tan ( A) 
1-40 hoo th 


к. tan (+ A 

-infa ms. 3+41=7; 
/ (0) is not defined. 
So it is not continuous at x = 0, 


If f (0) = 7, then it is continuous at x = 0, 
(ii) Similar to (i). 
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11. (i) lim f (0 — 4)— lim [3 + 2(0 — )]= 3; 
A0 +0 
lim /(0 + A)= lim [3 – 2(0 + )]= 3; f (0)= 3. 


So f (x) is continuous at x = 0. 


lim ŽO + JE f л B= DRE э.) 
axe h->0 

lim £0 -4)- LO) tim 2—23 - 2. 

h0 —h 


So it is not differentiable at x — 0. 

21. E 
ii) li = lim (+ A) sin — = 0; /(0)= 0. 
Gi) lim FO + 4) lim (+ ) si 57 


So it is continuous at x — 0. 


(+ Wsin 7-0 Carton 
mie + ®- LO — lim m —— у — = jimsin ту 


bs = 
which is not definite. So it is not differentiable at x = 0. 


1 
0 + h)? cos тт 
12. im 10 5 0) i @ ысы E 
h-0 hoo + h 


'. f’ (0) exists and it is 0. 
13. lim f(1 — = lim [1 — ^ — Ше 0; 
h-0 h0 
lim f(1 + = lim [1 —(1 = 0; 
ho ħ->0 
J (0) = 0 and so it is continuous at x = 1. 


Now lim О 0) dim 289 ш; 


ho =h ho OA 


lim LC +a- i) lim — 


hoo 


So it is not differentiable at x = 1. 


= – 1. 
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e (Fh . sin 
Чу 1i fos В/О cm Ва ee тз. 
14. (i) lim 


th 
ho th 
ees 
as sin i iim Ay 
h>0 Te tait aat] 
; sin ix . number between 1 & — 1 _o, 
E pee] d 
m h 


It is differentiable at x = 0. 


| (ii) lim 2 А25 m E /)3( 
2568 ica 3-b«G -5)] at 
ee 


h0 


ens -AG A Ш пара 2 


—_ 


ш 


=lim l—cosh 


=0. 
hoo 


It is differentiable at x = 7. 
. (i) li Łh)= li e = x2 — 3% 
15. (i) Im; (x th) lim [x + h) —3(x + A= х 
Јо) = x – 3x. 
The function is continuous at all real x. 
(ii) lim f(a + h)= lim 4/ 5(a + h)-(a € hà — 6 
ho h-0 
= Ма 6; 


Ха)= / 5а — а — 6. So it is continuous for all x = а. 
! 


TXCEU EAR 7X 
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16. Let o(x) = f(x). 
Here o(x)= 0,0 < x «a 


a 
= x + Fg: a < x < 2а 
03 
AS ae а 
cx 
Now, lim «(0 + Л) = lim 0 = 0; e(0) = 0. 
[ДЕП h -0 


So ọ(x) is continuous at x = 0. Let 0 < c < a. 
lim f (e x А) = lim 0 = 0; /(с)= 0. 
boo hoo 


So «(x) is continuous in 0 < c < а. 


1 LR a 
lim f(a + h= lim — 10а RF Е (ТЕЕ (а Ay 


hn 


lim f(a — h)= lim 0=0; f(a) = 0. 


“+0 


So (x) is continuous at X = 4. 


Leta < c < 24, 
n 1 7 Y 2 t 
lim f(c +) = lim – (c + à) y ea | 
3 lu 1624 
och РЕ: and /(0)= = 3 ст а? 
S 2 63 


So (x) is continuous in d < X < 2a. 


1 1 a 7 
Me P а 7 
um "(2e + h= lim 3 (Qa he 374 


head 


гу l acid 
lim 02a — h)= lim | — = (24 - h) ng Ga hy 


A ho 


2 7a 
ч оа I. MEE es 
- 74 . also o(20)= = ae 2a = F (Qu 12 


So e(x) is continuous at х = 20. 


D. L. R. A.-17 
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А UN Tal oy 
Let c > 2a. шд. у= A [- 3 т 


3 
ed 45 and 9(c)= — is 


So q(x) is continuous for x > 2a. 
17. Clearly the function is differentiabie at x = a + 1,0 


Now tim ZU + B 1/0) 


ho th 


FA sint- 01 

= lim ER —— Tor his small positive 

Ho + quantity 
= lim Е поо Рат 

hoo h 
PEG is differentiable every where except perhaps 0. 
Next lim £O + h)~ f(0 + h)— f(0) 

th 


ño 
КЕ 

КЕСЕ а T3 — + alt ini 
h-5 th 


А m le 1 
= +h 5 T1Tsi + 
in |(+ Ir) M жаға = To. 
The set of pis. Where f (x) is not diffe 
18. (0 Let — 1 < c < 0, 
t t = |{ ЕР ы 
lim f(c + й) im 1 (c X B= 1 — ea, 


rentiable is {0}. 


Д(су= 1— c5 
So f (x) is continuous for — 1 < x <0. 

lim f(0 + А) = lim cos(0 -+ A)= 1; 

h-»0 һ-э0 Р 

lim f(0 — h)= lim (1-0 — = 1; r9). 1 — 0° 


So f(x) is continuous at x = 0. 


ич 
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Letü < c' < Ë; lim f(c + А) = lim cos(c' + й) = cosc’; 
2 һә ho 


f (c) cos с'. 


vla 


So f (x) is continuous for 0 < x < 
Then f(x) is continuous for — 1 < x < 0 as well as x = 0 
and 0 < x < 51е. for 16193 5 

(ii) Let -1«c« 0. 


lim Let D> fO іт 


һә +0 
So f (x) is ditrefentiable in — tiene 


[1 —(с + WJ- — ©) _ — 2c. 
th 


lim E 0-70) _ jim 0 
А-0 h peni h 

and tim JO — 9/0) 2 pies zi =н 1 20 
h0 h no 


So f (x) is differentiable at x = 0. 
LetO<c< 3 Then 


lim Lee DLO = im cos (e 5 o5 = = sinc. 


h-0 h pim 


So f(x) is differentiable in 0 < X < 7* 


= 0 and 
Hence f(x) is differentiable in — 1<х<0,а1^ 
їй 0: «ose 2, 
2 
2. f(x) is differentiable in — 1 < * < 7 
= 12e(0). 

19. lim «0 + A)= lim Leap ЕЗДЕ» ( 

| = 1 = o (1)- 


ТРИТЕ TILES 
hoo 


So g(x) is continuous at x = 0,1 
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‚_ oO + һ)— «(0) 
um + Л 

coner Кї р ПЕЕЛЕ ee 

im th а 
OME OO) T ug ERE [E211 g 
DE Ыш Eh 


Ф(х) is not derivable for x = 0, 1, 
20. As continuous at x = 0, lim f(0 + А) = f (0). 
DN 


Now lim f(a + h)= lim [f (à) +I (+ Al, 
he h >0 


(by given condition 


=S@+ um [/( x A= f (a+ f (0)= f (a + 0) = f (а). 


Problem Set 8 


1. Let f(x) x*— 3x— 1; clearly f(x) is a continuous function 
R, being a polynomial function. Also f(1)— —3, f2)225. So 


J2) are of opposite signs. Hence at least one root of fe9-0 
between ! and 2. 


2. fix) e a(x—»4)(x —24) +а,(х — yx — 23) Бах Ay) — Ao) = 
S F(a) =a, Ag) А) = (HH) 
Ја) = аъ) А) (HH) 
F(a) = a5 — M). А) =(+)(-+)(+) 
As f(4)2 0, f(x:) «0 one root of f(x) «0 lies between M, ^a 
AS f(49)« 0, f(a) 30 one root of f(x) «0 lies between Ag, А: 
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